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YﬀNGdeF<DxNGUDxYﬀdg]>K>F>de[GNGK>dgHVU!DLU
sin2 θ
jNGdUD"]<HVdeKE)RV]EGbqR#K<D`n
Mu­UY½¾D]>K>dehfDLFŁP`bgHV[)R#bgDLhfDLUKpbqRªhfHzYﬀd­)TR#K>dgHVU«YGDbqRÅTHVNGF>[D%Y½§R#K>K<SLUN)R#K>dgHVUa;I½§R#d}hfH*YGSLbedg]/S%YGD
hkR#UGdgiLF<D"R#F>[GdeK>F/R#deF<D-bqRBHVF>hfD-YGDxbqR@Yﬀdg]<K>F>de[GNGK>dgHVU%DLU
sin2 θ
E)R#F}NGUDHVUTLK>dgHVUmYﬀNKÞ¼*EcD
F (sin2 θ) =
1
]<d
sin2 θ < sin2 θ0
exp
(
ln(1 + δ)( sin
2 θ
sin2 θ0
− 1)
)
]>d
sin2 θ ≥ sin2 θ0
`ðﬀn§Ñ
Ø
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HVÈ
sin2 θ0
THVF>F<D]<EHVUY@R#N\YGSL[GNGK£YGDobqR}w`R#F>dqR#K>dgHVU\YGDobqROTHVNGF>[D`a#DLK
δ
D]<KbqRuwVR#bgDLNGF7R#K>K<DLdeUK<DvDLU
sin2 θ =
0.75
n7ù)½§R#d}TR#bgTLNGbgS]>NGF@bgD]YGHVUGU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D]¬YR#U]'bgD%TRV]ŁY½ NGUD
Yﬀdg]>K>F>de[GNGK>dgHVUDLU
sin2 θ
EGbqR#K<D`aGDLKvYR#U]vbgDATRV]HVÈ¬bqR\Yﬀdg]>K>F>de[GNGK>dgHVUD]>KYGDAbqR"HVF>hfD
F (θ)
Tt>nﬀDjN)R#K>dgHVU
`ðﬀn§Ñ
Ø
ARwQDT@bgD]Aw`R#bgDLNGF<]
δ = 0.2
DLK
δ = 0.4
n


Ö*Þ'æ!ÛÝÜßmSLwQHVbeNGK>dgHVUYﬀNªTHzDt¥kTLdgDLUK"Y½§R#K>K<SLU*N)R#K>dgHVU
η
RwQDTb½§R#hEGbedeK>NYGD
δ
deUYﬀdgjNSDADLU
Y
THVF>F<D]<EHVUYR#U*Ku»-b½§R#hEGbedeK>NYGDAYGDwVR#F>dqR#K>dgHVUpYGDObqRBYﬀdg]<K>F>de[GNGK>dgHVU
DLU
sin2 θ
DLUK>F<D
θ = 60◦
DLK
θ = 0◦
n
Y½§R#K>K<SLUN)R#K>dgHVUTHVF>F<D]>EcHVUYR#UK"»ŁYﬀdSLF<DLUK<D]xw`R#bgDLNGF<]AYGD
δ
aRwQDT
sin2 θ0 = 0.375
THVF>F<D]>EcHVUYR#UKB»
θ = 38◦
tn
CD]THVNGF>[cD]\Y½§R#K>K<SLU*N)R#K>dgHVUR#deU]>dvHV[GK<DLUND]k]<HVUK@debebeN]>K>F<SD]]>NGF@bqRm­P`NGF<Djðﬀn§^ﬀn£C½¾SLwQHVbeNGK>dgHVU YﬀN
TH*Dt¥kTLdgDLU*K"Y½§R#K>K<SLUN)R#K>dgHVUZD]>KxSLPR#bgDLhfDLUKBF<DLEGF<S]<DLUK<SD'DLU¤HVUTLK>dgHVU2YGD@b½§R#hEGbedeK>NYGD
δ
aDLKxb½¾HVUªEcDLNGK
THVU]>K/R#K<DLF-jND
η
wVR#F>dgD@EGF/R#K>dgj*NDLhfDLUK-bedeUSR#deF<DLhfDLU*K\RwQDT
δ
nOU2RI¯N]<K<DLhfDLUK-bedeUSR#deF<DYGD@bqRŁTHVNGF>[cD
YGHVUGUD
η = 0.85+0.38δ
n*MudeU]>da[GdgDLU\j*N½ deb*]/HVdeK;Yﬀd¥kTLdebgDvYGDEGF<SYﬀdeF<DRwQDT4EGF<STLdg]>dgHVUj*NDLbebgD4YGDLwzF/R#deK;yLK>F<D
bqR@HVF>hfDBDtsRVTLK<D"YGDBbqRfYﬀdg]>K>F>de[GNGK>dgHVUªDLU
sin2 θ
YGD]YGHVUGUSD]adeb]<DLhB[GbgD\j*ND-bqRfwVR#bgDLNGFAYﬀN%THzDt¥kTLdgDLUK
Y½§R#K>K<SLUN)R#K>dgHVUXYGHVUGUSDkE)R#FBbqR¬hfSLK>lHzYGDŁ6D> EcHVNGF>F/R#deK\yLK>F<DkF/R#dg]<HVUGU)R#[GbgDLhfDLUK ∼ 10% EGbeN]BSLbgDLwQSD
jNDxTDxj*NDxUHVN]uRwQHVU]}deUYﬀdgj*NS`a]<HVdeKEGbeNGK<ÚVK
η ' 0.95 ± 0.02 R#N¬bedgDLNmYGD η ' 0.85 ± 0.02 n
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DLF>P`dgDDLKNGUD'HVUTLK>dgHVUYGD
θ
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l)R#NGK<DOSLUDLF>P`dgD`nzC½¾DtsﬀK>F/R#EHVbqR#K>dgHVUYGDubqR-F<DLbqR#K>dgHVU
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TLK>dgHVUfEGF<STLdg]<DYGDrbqREGF<HVEcHVF>K>dgHVUfYGDvh"NHVU]7EGF<HzYﬀNGdeK<DYR#U]£bgD]
PQDLF>[D]ojNGdQUHVN]bgD7F/R#EGEDLbgHVU]YGSLEDLUY"YﬀdeF<DTLK<DLhfDLUK£YGD]deUK<DLF/RVTLK>dgHVU];l)RVYﬀF<HVUGdgj*ND]ÎtabqRvhfHzYGSLbedg]/R#K>dgHVU
YGDb½§R#K>K<SLUN)R#K>dgHVUZYGDbqRpPQDLF>[cDkRwQDTfbqRpEGF<H#HVUYGDLNGF\R#K>hfH`]>EGlSLF>dgj*NDfEcHVNGF>F/R#deK-USR#UGhfHVdeU]\yLK>F<D[GdgDLU
hfH*YGSLbedg]/SD`aGYR#U]bqRBhfD]>NGF<D-HVÈpb½§R#K>K<SLUN)R#K>dgHVU!EGF<HVEGF<DLhfDLUKYﬀdeK<DAUDx]<DLh"[GbgDAE)RV]}YGDLwQHVdeF}YGSLEcDLUYﬀF<D-YGD
bqR\EGl¼ﬀ]>dgj*NDxl)RVYﬀF<HVUGdgjND`n
MOdeU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S}E)R#F4bqRxTHVUK>F>de[GNGK>dgHVU¬YGDbqRxTHVhEcH`]/R#U*K<DuSLbgDTt
K>F<HVhkR#P`USLK>dgjND`a#T`½¾D]>KJÞ»YﬀdeF<DoEHVNGFbgD]R#UGP`bgD]ÔSLUGdeK>l)R#Nﬀs-deUﬀSLF>dgDLNGF<]£» ∼ 45◦ abqRTHVNGF>[cD4Y½§R#K>K<SLU*N)R#K>dgHVU
EGF<SYﬀdeK<DxE)R#F}bgD]}Ï!HVUK<Dt¯vR#F>bgHkEDLNGKOyLK>F<DxTHVU]>dgYGSLF<SD"THVhhfDxF<DLbqR#K>dewQDLhfDLU*Ku­R#[GbgD`n
HVN]EGF<HVEcH`]<HVU]7R#bgHVF<]7Y½ NGK>debedg]<DLF;bgD];THVNGF>[cD]£Y½§R#K>K<SLUN)R#K>dgHVUfEGF<SYﬀdeK<D]£E)R#F;bgD]£]>deh"NGbqR#K>dgHVU]R­UYGD
YGSLK<DLF>hdeUDLFvNGU
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MC jNGdc]<HVdeKoTHVF>F<SLbgSA»"b½¾SLUDLF>P`dgD{£ÕÌ»"b½§R#dgYGDYGD]oYGHVUGUSD]rl¼z[GF>dgYGD]aﬀYGD}bqR"hfyLhfD
hkR#UGdgiLF<DBj*ND-EcHVNGFubqRfhfSLK>lH*YGD6D>|?{;Õ@nC½§Rw`R#UK/R#PQD\E)R#FF/R#EGEHVF>KA»bqRhfSLK>lHzYGD6DJ¨D]>KOj*ND-bqR
wVR#bgDLNGFxYﬀNªTHzDt¥kTLdgDLUK-Y½§R#K>K<SLUN)R#K>dgHVUÅ]<DLh"[GbgD@EGbeN]­R#[GbgD\EcHVNGFb½¾DtsﬀK>F/R#EcHVbqR#K>dgHVU»fl)R#NGK<DSLUDLF>P`dgD`acbq»
HVÈ¬UHVN]u]/RwQHVU]}j*NDxbqR\wVR#bgDLNGFOYGD
η
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DLF>P`dgD]
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4
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100
|D@nCD-THzDt¥kTLdgDLUKY½§R#K>K<SLUN)R#K>dgHVU!SLwQHVbeND-bgDLUK<DLhfDLU*KRwQDT-b½¾SLUDLF>P`dgD`aDLKuD]<KEGbeN]
R#de[GbgD-»K>F<i]l)R#NGK<Dk
E = 100
|4D-vjN½§»EGbeN][)RV]<]<DxSLUDLF>P`dgDŁ
E = 10
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Dj*ND}TDLbebgD}YGDbqRAhfSLK>lHzYGD
YﬀNÌ6DJavT`½¾D]>KJÞ»YﬀdeF<DªYGD¤]>NGEGEcH`]<DLFŁNGUDmRVTLK<HVF>dg]/R#K>dgHVU¨YﬀN«K¼zEcD
S1000(E, θ) = f(θ) × g(E) auDLU
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TLK>dgHVU
f(θ)
RwQDT-bgD]]>deh"NGbqR#K>dgHVU]n)CR@jN)R#U*K>deK<SxTHVF>F<SLbgSD"»Bb½¾SLUDLF>P`dgD-{£Õ
D]>KuR#bgHVF<]bgD
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MC = S1000(θ)/f(θ)
THVU]>K>F>NGdeKOYGDxbqR\hfyLhfDARVWHVUmjN½§RwQDTxbqR@hfSLK>lHzYGDB6D>|?{;Õ@n
ù½§R#dYGHVUTrNGK>debedg]<SvbgD]£hfyLhfD]]>dehBNGbqR#K>dgHVU]YGDrPQDLF>[D]R#K>hfH`]<EGlSLF>dgjND]oDLK£YﬀNYGSLK<DTLK<DLNGF4j*NDrEGF<STSt
YGDLhhfDLUK7EcHVNGF;bgDvTR#bgTLNGbGYGDrbqROF<DLbqR#K>dgHVU
S1000

E
RwQDTvbgD]£Ï%HVU*K<Dt¯vR#F>bgHGaQDLKIL½§R#dzK>F/RVWSvEcHVNGF;EGbeN]<dgDLNGF<]
SLUDLF>P`dgD]DLK£K¼zED]YGDrE)R#F>K>dgTLNGbgD]4EGF>dehkR#deF<D]uEGF<HVK<HVUkHVN@UH¼R#NkYGDrDLFÎbgD
S1000
hfH¼QDLUkDLU@HVUTLK>dgHVUfYGD
1/ cos θ
nVCD]THVNGF>[cD]Y½§R#K>K<SLUN)R#K>dgHVUŁ]<HVUKK>F<i][GdgDLUkRI¯N]>K<SD]E)R#F7bqROHVUTLK>dgHVUkDtsﬀEcHVUDLUK>dgDLbebgDðﬀn§Ñ
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aQYGD
]<HVF>K<DBj*N½ NGU¤TH*Dt¥kTLdgDLU*K-Y½§R#K>K<SLUN)R#K>dgHVU2EcDLNGKyLK>F<D@YGSt­UGd7DLKATHVhE)R#F<SfR#NﬀsmF<S]>NGbeK/R#K<]AYGD\bqRfhfSLK>lHzYGD
6DJn
ZK>deK>F<DvY½¾DtsﬀDLhEGbgD`abqR­P`NGF<D|ðﬀn

_udebebeN]>K>F<DrbgD]THVNGF>[cD]£Y½§R#K>K<SLUN)R#K>dgHVUkHV[GK<DLU*ND]£EHVNGF£YGD]EGF<HVK<HVU]
»}EGbeN]>dgDLNGF<]£SLUDLF>P`dgD]nVCDvTHzDt¥kTLdgDLUKY½§R#K>K<SLU*N)R#K>dgHVUfD]>KEGbeN]R#de[GbgD»}K>F<i];l)R#NGK<Dx
E = 100
|D-jN½§»
EGbeN][)RV]<]<DxSLUDLF>P`dgDŁ
E = 10
|DxtaTD-j*NGdTHVUﬀ­F>hfD-b½§R¥fF>hkR#K>dgHVU%j*NDxbgDxTHzDt¥kTLdgDLUKY½§R#K>K<SLUN)R#K>dgHVU
SLwQHVbeND"TDLF>K/R#deUDLhfDLUK-RwQDT-b½¾SLUDLF>P`dgD`nCD]O]<deh"NGbqR#K>dgHVU]OEDLF>hfDLK>K<DLU*KYGDBjN)R#U*K>d­)DLFTDLKDtcDLKaDLKAR#deU]>d
Y½¾SLwVR#beNDLF}bgDxYGHVhkR#deUDBYGDAwVR#bedgYﬀdeK<S"YGDxbqR\hfSLK>lH*YGD\6DJn
rHVhhfDUHVN]xb½§RwQHVU]-F<DLhkR#F<j*NSkR#NGE)R#F/Rw`R#UKabqRpYﬀdg]>K>F>de[GNGK>dgHVUDLU
sin2 θ
YGD]-SLwQSLUDLhfDLU*K<]BYGHVU*K
b½¾SLUDLF>P`dgDŁD]<K\D]>K>dehfSpRwQDTŁbgD]@Ï!HVUK<Dt¯vR#F>bgH¤EGF<S]<DLU*K<D'NGUD'F<DLhfHVUK<SD¬]<deP`UGd­)TR#K>dewQDp»mP`F/R#UYXR#UGP`bgD`n
ÕAR#U]pb½ l*¼*EcHVK>li]<DªHVÈ«bqRÅF/RVTLK>dgHVU¨YGD%hBNHVU]EGF<HzYﬀNGdeK<D¤E)R#FpbgD]¬]>deh"NGbqR#K>dgHVU]mU½¾D]>KpE)RV]THVF>F<DTLK<D`a
b½¾SLwQDLUK>NDLb£YGS]/RVTTHVF<Y%RwQDT-bgD]uYGHVUGUSD]OD]>KOR#K>K<DLUYﬀNkI¯N]>K<DLhfDLU*K»@P`F/R#UY!R#UGP`bgD`n)CRfF<DLhfHVUK<SD\YGDxbqR
Yﬀdg]>K>F>de[GNGK>dgHVU'DLU
sin2 θ
»P`F/R#UY'R#UGP`bgDEcHVNGF>F/R#deKoyLK>F<D}DLUkE)R#F>K>dgDuYﬀN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Du]>NGF<D]>K>dehkR#K>dgHVU'YGD}b½¾SLUDLF>P`dgD
E)R#FxbgD]xÏ%HVU*K<Dt¯vR#F>bgH¬EHVNGFxbgD]
θ & 45◦
aTHVU]<SjNDLUTDY½ NGU
S1000
EGF<SYﬀdeKxK>F<HVEªR#de[GbgD\E)R#FxF/R#EGEcHVF>K
R#Nﬀs¬YGHVUGUSD]nÕxR#U]uTDLK>K<D"l¼zEHVK>li]/D`adebR#NYﬀF/R#deKR#bgHVF<]OEGbeN]YGDxh"NHVU]AYR#U]ObgD]u]>dehBNGbqR#K>dgHVU]OEcHVNGF
yLK>F<DxDLU%RVTTHVF<YmRwQDT"bgD]}YGHVUGUSD]n
|7U@THVhE)R#F/R#UK7bgD]£THVNGF>[D]£Y½§R#K>K<SLU*N)R#K>dgHVUkYGD]]<deh"NGbqR#K>dgHVU]RwQDTvTDLbebgDQ]ÎYGDobqR}hfSLK>lHzYGD}6DJa#HVU
THVU]>K/R#K<DuDtDTLK>dewQDLhfDLUKj*ND}bgD]rÏ%HVU*K<Dt¯vR#F>bgH"EGF<SYﬀdg]<DLU*KvNGUDOR#K>K<SLUN)R#K>dgHVUpEGbeN]odehEHVF>K/R#U*K<D»-P`F/R#UY
R#UGP`bgD`nc¡*NGFAbqR@­P`NGF<Dqðﬀn
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ac]<HVU*KOF<DLEGF<S]<DLU*K<SD]AbgD]wVR#bgDLNGF<]AYﬀN¤TH*Dt¥kTLdgDLU*KAY½§R#K>K<SLU*N)R#K>dgHVU
η
HV[GK<DLUND]
RwQDTxbgD]}]<deh"NGbqR#K>dgHVU]a)EHVNGFbgD]uR#UGP`bgD]
0◦ < θ < 60◦
DLKuEHVNGF
0◦ < θ < 45◦
n
CR'THVhE)R#F/R#dg]<HVU¤RwQDT\bgD]uw`R#bgDLNGF<]OHV[GK<DLU*ND]-RwQDT\bqRhfSLK>lHzYGD\YﬀNª6D>D]>KOdeUK<SLF<D]<]ÎR#UK<D¬EcHVNGF
bgD]'R#UGP`bgD]
0◦ < θ < 60◦
abgD]ŁÏ%HVU*K<Dt¯vR#F>bgHÅ]<DLhB[GbgDLUKpEGF<SYﬀdeF<D%NGUD%R#K>K<SLUN)R#K>dgHVU«wzF/R#dehfDLUKŁK>F<HVE
dehEHVF>K/R#U*K<D`aohfyLhfD!DLUTHVU]<dgYGSLF/R#UKpbgDmTRV]ŁHVÈ debuR#debebgD%EGF<DLUYﬀF<DmNGUD!THVNGF>[cDmY½§R#K>K<SLUN)R#K>dgHVU 6D>
THVU]>K>F>NGdeK<D}RwQDTvNGUDYﬀdg]>K>F>de[GNGK>dgHVU
sin2 θ
UHVU\EGbqR#K<DYGDvÑ`_
Y
nrDLEcDLUYR#UKabgHVF<]<j*NDob½¾HVUf]/DobedehdeK<D}R#Nﬀs
θ < 45◦
a`bgD}YGS]/RVTTHVF<YkD]>KhfHVdeU]7R#P`F/R#U*KaQbgD}THzDt¥kTLdgDLUKrY½§R#K>K<SLUN)R#K>dgHVUpYGHVUGUS}E)R#FbgD]4Ï%HVU*K<Dt¯vR#F>bgH
¯ç¶ü ßJëáäãrï|9¯á	ý#ì¿ûßﬀûé7ÝÝ;ìÎàxÝìÎà#ëáãÎàá àáßJàëê¾áîOÝéáT
Äz¿)ú óô&Û;& ¿Ü*Ã`ﬁ%fÁf#(ﬃNÛ;k^ÜﬂfÃQﬂ@iﬃÀ&QÃ!$'&()*
,.-F/.1<ðﬀn
`u2


éÙ!Ó×nØ6ßªrHVhE)R#F/R#dg]<HVUÆYGD]BTH*Dt¥kTLdgDLU*K<]BY½§R#K>K<SLU*N)R#K>dgHVUÆHV[GK<DLU*N]\RwQDTfbqRphfSLK>lHzYGD
YﬀN%6DJDLKuRwQDTxbgD]Ï%HVU*K<Dt¯vR#F>bgHfEcHVNGFbgD]}R#UGP`bgD]
θ < 60◦
nﬀCD]uTH*Dt¥kTLdgDLU*K<]uY½§R#K>K<SLUN)R#K>dgHVU!YGHVUGUS]
E)R#FxbgDf6DJôTHVF>F<D]>EcHVUYR#UK\»ŁNGUDYﬀdg]>K>F>de[GNGK>dgHVUDLU
sin2 θ
j*NGd;U½¾D]<KxE)RV]AEGbqR#K<D`aRwQDT
δ = 0.2
a]<HVUK
SLPR#bgDLhfDLUKOF<DLEGF<S]<DLUK<S]n


Ö!Þ'æ*ÛÜß'GÏ!yLhfD-T<lH`]<D-EHVNGFbgD]uR#UGP`bgD]
θ < 45◦
n
EHVNGFbgD]AEGF<HVK<HVU]xD]>KxRV]<]<DLÔ@EGF<HzT<lD@YGD]AwVR#bgDLNGF<]AYﬀN6D>nÉ;HVNGFxbgD]UH¼R#NﬀsªYGDBDLFabgD]AEGF<SYﬀdgTLK>dgHVU]
YGD]x]>deh"NGbqR#K>dgHVU]\]<HVU*K-DLUTHVF<DbqR#F>PQDLhfDLUK@R#NﬀYGD]<]>N]aY½¾DLU*w*deF<HVU
45%
nCDkTH*Dt¥kTLdgDLU*K"Y½§R#K>K<SLUN)R#K>dgHVU
YGHVUGUSxE)R#FbgD]}]>dehBNGbqR#K>dgHVU]}E)RV]<]/DAEHVNGFbgD]EGF<HVK<HVU]OYGD ∼ 1 » ∼ 0.75 DLUK>F<D  DLK  _`_@|D@a]<HVdeKNGUD
wVR#F>dqR#K>dgHVU%Y½¾DLUwzdeF<HVU
20%
n
É;HVNGFob½¾D]>K>dehkR#K>dgHVUŁYGD}b½¾SLUDLF>P`dgD`a*deb)D]>K4YGHVUTuEH`]/]>de[GbgD}Y½ NGK>debedg]<DLFrNGU
S38
MC j*NGdEGF<DLUY'DLU'THVhEGK<D
bqRAbgDLUK<DOSLwQHVbeNGK>dgHVUŁYﬀN'TH*Dt¥kTLdgDLU*KrY½§R#K>K<SLU*N)R#K>dgHVUn*OU'RIJN]>K<DLhfDLUKrbedeUSR#deF<DuYGDbqR-THVNGF>[D
η(E)
YGHVUGUD
bgD]w`R#bgDLNGF<]}]>NGdew`R#UK<D]"
η = 1.13 (±2%) − 9.6 10−4 (±20%) ×
(
E
1EeV
)
Proton (θ < 60◦)
`ðﬀn§Ñ÷`
η = 1.14 (±2%) − 9. 10−4 (±12%) ×
(
E
1EeV
)
Fer (θ < 60◦)
`ðﬀn§Ñ`¦Q
`ðﬀn§Ñ`^Q
	cÀg¿

ﬁﬃ4i2ﬀﬁﬃﬂftÛ!õÞÁgf*(ﬃ Äz¿	
DLKEHVNGF}bgD]OR#UGP`bgD]deUﬀSLF>dgDLNGF<]»
45◦

η = 1.0 (±3%) − 2.3 10−3 (±17%) ×
(
E
1EeV
)
Proton (θ < 45◦)
`ðﬀn
~
_Q
η = 1.27 (±2%) − 3. 10−3 (±10%) ×
(
E
1EeV
)
Fer (θ < 45◦)
`ðﬀn
~


`ðﬀn
~
ÑQ
C½ l¼zEcHVK>li]<DAYGD}bqR-RVTLK<HVF>dg]/R#K>dgHVU¬YGDObqR-F<DLbqR#K>dgHVU
S1000

E
D]>KoYGHVUTxR#EGEGF<HsﬀdehkR#K>dewQDLhfDLUKuwQSLF>d­)SD
]>NGFBYGD]BPR#hhfD]@Y½¾SLUDLF>P`dgD]fRV]<]<DLÔkP`F/R#UYGD]nC½¾D]<K>dehkR#K>dgHVUZYﬀNZTHzDt¥kTLdgDLUK
η
»NGK>debedg]<DLF@YR#U]BUHVK>F<D
hfSLK>lH*YGDrD]>KYGHVUTodeK<SLF/R#K>dewQDEcHVNGF;T/l)RVjNDrSLwQSLUDLhfDLUKa#b½¾SLUDLF>P`dgDvD]>KD]<K>dehfSD4E)R#FbqR}F<DLbqR#K>dgHVU@YGHVUGUSD
E)R#FbgD]£]>dehBNGbqR#K>dgHVU]u`ðﬀn

_QtaVHVNBE)R#F£bqRuhfSLK>lH*YGD}6D>aDLK£bgDrTH*Dt¥kTLdgDLU*K
η
D]>K;D]<K>dehfSvRwQDTrbgD]F<DLbqR#K>dgHVU]
TLdYGD]<]>N]nrHVUGU)R#dg]<]/R#U*KxbqRfF<DLbqR#K>dgHVU2DLU*K>F<D@bgD
S38
MC DLKb½¾SLUDLF>P`dgD{;Õ@ab½¾SLUDLF>P`dgD EMCS38
D]>KxTR#bgTLNGbgSD`n
¡*db½¾SLUDLF>P`dgDBR#deU]>dHV[GK<DLUND"D]<KuYﬀdcSLF<DLU*K<DBYGD-EGbeN]uYGD
50%
j*ND-TDLbebgD-YGDBYGSLE)R#F>KaGbgD"THzDt¥kTLdgDLUK
η
D]<K
F<DTR#bgTLNGbgSO»AE)R#F>K>deFvYGD}TDLK>K<D}UHVNGwQDLbebgDuwVR#bgDLNGFrYGDb½¾SLUDLF>P`dgDDLKbqRxEGF<HzTSYﬀNGF<DuD]>K4deK<SLF<SD`nzrHVUTLF<iLK<DLhfDLUKa
bgDTH*Dt¥kTLdgDLU*KrY½§R#K>K<SLU*N)R#K>dgHVU'w`R#F>dgDK<DLbebgDLhfDLUKoEDLNŁRwQDT}b½¾SLUDLF>P`dgDOjNDvhfyLhfDO]>dGb½¾SLUDLF>P`dgDuD]<K>dehfSDbgHVF<]
YGDAbqR@EGF<DLhdgiLF<D-SLK/R#EcD-D]>KvR#N]<]<DxY½ NGU¬RVTLK<DLNGFuÑﬀaGb½¾DLF>F<DLNGF}F<DLbqR#K>dewQDB]>NGF
η
D]<KdeUﬀSLF>dgDLNGF<D"»
5%
n
ö"ﬂ)#Ázõòﬀﬁﬃﬂ>fËQÃ¤õÞÁgf*(ﬃ
 ÕADxbqR@hfyLhfDARVWHVUmj*NDxEcHVNGF}bqR\hfSLK>lH*YGDBYﬀN!6D>|?{;Õ@aVI½§R#d
NGK>debedg]<S}bgDuhfyLhfDubgHVKrY½¾SLwQSLUDLhfDLUK<]l*¼*[GF>dgYGD]vRwQDTbgD]hfyLhfD]vTLF>deK<iLF<D]vYGD}[cHVUGUD}F<DTHVU]<K>F>NTLK>dgHVUpj*ND
EGF<STSYGDLhhfDLUKnGCRx­P`NGF<D3ðﬀn

Ñ"debebeN]>K>F<DObqR-THVF>F<SLbqR#K>dgHVU¬DLUK>F<DObgD
S38
MC aEHVNGFobgD]oSLwQSLUDLhfDLU*K<]}R¼R#U*K
θ < 45◦
n
C½§RIJN]>K<DLhfDLUKYGDAbqR@F<DLbqR#K>dgHVU
S38
MC  EFD
YGHVUGUDf
E = 0.14
(
S38
MC
)
1.08 `ðﬀn ~`~ 
RwQDTAbgD]deUTDLF>K>deK>NYGD]O]>NGFvbgD]E)R#F/R#hfiLK>F<D]"
K = 0.14± 0.02 DLK α = 1.08± 0.04 nrD]w`R#bgDLNGF<]]<HVUK
K>F<i]uEGF<HzT<lD]YGDBTDLbebgD]HV[GK<DLUND]-RwQDT"bqRfhfSLK>lH*YGD6D>|?{;Õ@aTDBj*NGdhfHVU*K>F<DBj*ND"THVhEGK<D\K<DLUN¤YGD
bqR-]>K/R#K>dg]>K>dgj*ND}l*¼*[GF>dgYGDYﬀdg]>EcHVUGde[GbgDRVTLK>NDLbebgDLhfDLU*KaﬀNGUD}w`R#F>dqR#K>dgHVUŁYﬀNŁTH*Dt¥kTLdgDLU*KY½§R#K>K<SLUN)R#K>dgHVUmRxEcDLN
Y½ deUﬀNDLUTDB]>NGFub½¾SLK/R#bgHVUGU)R#PQD\RwQDT-bqR@NHVF<D]/TDLUTD"YR#U]ObqR@PR#hhfD"Y½¾SLUDLF>P`dgD\HVÈdebD]<K}EH`]/]>de[GbgD-YGD
bgDR#deF<D`n
C½¾STR#F>K@F<DLbqR#K>dODLUK>F<DŁb½¾SLUDLF>P`dgDR#deU]>drF<DTHVU]>K>F>NGdeK<DŁE)R#F\bgD
S38
MC DLK\b½¾SLUDLF>P`dgD'hfD]<NGF<SDkE)R#F@bqR
NHVF<D]<TDLUTD-D]>K}DLU¬hfH¼QDLUGUD-YGDzð
Y
a)RwQDTANGUD"Yﬀdg]>EDLF<]<dgHVUY½¾DLUwzdeF<HVU
~
ð
Y
aﬀwVR#bgDLNGF<]}EGF/R#K>dgjNDLhfDLU*K
dgYGDLUK>dgj*ND]O»@TDLbebgD]uHV[GK<DLU*ND]RwQDTxbqR\hfSLK>lHzYGD\6D>|?{;Õ@n
Äz¿W óô&Û;& ¿Ü*Ã`ﬁ%fÁf#(ﬃNÛ;k^ÜﬂfÃQﬂ@iﬃÀ&QÃ!$'&()*
,.-F/.1ðﬀn

Ñ
2
rHVF>F<SLbqR#K>dgHVU@DLU*K>F<D4b½¾SLUDLF>P`dgDr{£ÕXDLKbgD
S38
MC EcHVNGFbgD];SLwQSLUDLhfDLUK<];l¼z[GF>dgYGD]£]/R#K>dg]JR#dg]/R#UK
bgD]ATLF>deK<iLF<D]xYGDB]<SLbgDTLK>dgHVUnC4½§RI¯N]>K<DLhfDLU*K-D]>KF<SR#bedg]<S\EHVNGFxYGD]wVR#bgDLNGF<]AYGD
S38
MC ]>NGEcSLF>dgDLNGF<D]A»pÑ`_
|4ÏÅaGYGDAhkR#UGdgiLF<D\»@]<DAEGbqRVTDLFOR#NﬀYGD]<]>N]OYGDAb½¾SLUDLF>P`dgD"YGDx]/R#K>NGF/R#K>dgHVU!YGDAb½§RVTTDLEGK/R#UTD`n
Mu­UËYGDTHVhE)R#F<DLFkbqR¤j*N)R#bedeK<SYGD¬bqRªTHVF>F<SLbqR#K>dgHVUDLUK>F<D¬b½¾SLUDLF>P`dgD%{£Õ¢DLKkbgD
S38
MC »ªTDLbebgDYGD
bqR%hfSLK>lH*YGDm6D>aIL½§R#dTHVhE)R#F<S¬bqR¤Yﬀdg]<EDLF<]>dgHVUXDLUËSLUDLF>P`dgD¬{£Õ¢jNDpb½¾HVUËHV[GK>dgDLU*Kk]>NGF@bgD]YGHVUGUSD]
l¼z[GF>dgYGD]aGE)R#F}deU*K<DLF>wVR#bebgD"YGD
S38
aGEcHVNGFbgD"6DJ«DLKEcHVNGF}bgD
S38
MC n
CR%­P`NGF<D*ðﬀn

~
debebeN]>K>F<DbgD]@F<S]>NGbeK/R#K<]fHV[GK<DLUN]']>NGF@bgD]SLwQSLUDLhfDLUK<]'l¼z[GF>dgYGD]f]/R#K>dg]JR#dg]/R#U*KkR#Nﬀs
TLF>deK<iLF<D]oYGDO]<SLbgDTLK>dgHVUnzCDOTRV]rY½ NGU
S38
MC RwQDTONGU'THzDt¥kTLdgDLUKY½§R#K>K<SLUN)R#K>dgHVUp­GsGSO»-bqRxw`R#bgDLNGF η = 1
D]>KBSLPR#bgDLhfDLU*K@EGF<S]<DLUK<S`a7»¬K>deK>F<DŁYGDkTHVhE)R#F/R#dg]/HVUn;CD]\Yﬀdg]<EDLF<]>dgHVU]\HV[GK<DLUND]@HVU*K\NGUDŁR#hEGbedeK>NYGD
THVhE)R#F/R#[GbgD`aRwQDTvNGUDvbgSLPQiLF<D}R#hfSLbedgHVF/R#K>dgHVUkEHVNGF£bgDvTRV]7YﬀN
S38
MC RwQDTSLwQHVbeNGK>dgHVUkYGD η
E)R#F£F/R#EGEcHVF>K
R#NTRV]}HVÈ
η
D]>K­GsGD`n
C½ NGK>debedg]/R#K>dgHVU¬YGDubqRxhfSLK>lHzYGDOTHVNGF>[cDOY½§R#K>K<SLU*N)R#K>dgHVUÏ%HVU*K<Dt¯vR#F>bgHs?¨{£Õ¨YGHVUGUDYGHVUTOYGD]oF<S]>NGb
K/R#K<]K>F<i]}EGF<HzT<lD]OYGD-TDLNﬀsHV[GK<DLUN]RwQDT-bqRhfSLK>lH*YGDB6D>|?{£Õ@a)RwQDT"NGUD-jN)R#bedeK<S"YGDxb½¾SLK/R#bgHVUGU)R#PQD
R#N]<]>d[cHVUGUDxYR#U]}bqR\PR#hhfDBY½¾SLUDLF>P`dgD-HVÈb½¾HVUmYﬀdg]>EcH`]<DAYGD-]>Nﬀ¥k]ÎR#hhfDLUKOY½¾SLwQSLUDLhfDLU*K<]n
§£üòû£ü ¹ Q
J#ﬀß% NILK	
`ß$I>
`ß% 
HVN]EGF<S]<DLU*K<HVU];[GF>dgiLwQDLhfDLUKYGDLNﬀs\R#NGK>F<D];hfSLK>lHzYGD]Y½¾D]>K>dehkR#K>dgHVUYGDob½¾SLUDLF>P`dgDvYGD]SLwQSLUDLhfDLU*K<]
YﬀNfF<S]<DR#NkYGDu]>NGFJRVTDujNGdEcDLNGwQDLUKryLK>F<D}NGK>debedg]<SD]4EHVNGF4F<DTHVU]>K>F>NGdeF<DubgDu]>EDTLK>F<DuY½¾SLUDLF>P`dgDuYGD]F/R¼QHVU]
TH`]>hdgj*ND]n
	cÀg¿

ﬁﬃ4i2ﬀﬁﬃﬂftÛ!õÞÁgf*(ﬃ Äz¿V[
,6-0/.1ðﬀn

~
2j£
wQHVbeNGK>dgHVUYGDbqR\Yﬀdg]>EDLF<]<dgHVUŁF<DLbqR#K>dewQDxDLU¬SLUDLF>P`dgDxDLUŁHVUTLK>dgHVUpYﬀN
S38
a*EcHVNGFrbqRBhfSLK>lHzYGD
6DJaGDLK}EcHVNGFbgD
S38
MC aRwQDT-HVNm]/R#U]}SLwQHVbeNGK>dgHVU!YﬀNTH*Dt¥kTLdgDLU*KOY½§R#K>K<SLU*N)R#K>dgHVU¤RwQDTxb½¾SLUDLF>P`dgD`n
ö"ﬂ)#Ázõòﬀﬁﬃﬂ>f
ESD  EFD
CRŁhfSLK>lH*YGDTHVU]<dg]>K<Df»p]>NGEGEcH`]<DLFxjND@bqRŁF<DLbqR#K>dgHVU
S1000

E
EGF<SYﬀdeK<D
E)R#F7bgD]]>deh"NGbqR#K>dgHVU]oD]>KTHVF>F<DTLK<D`a»NGUDUHVF>hkR#bedg]ÎR#K>dgHVUfEGF<i]nQÉ;HVNGF4D]>K>dehfDLF7bgDvRVTLK<DLNGFYGDTHVUwQDLF<]<dgHVU
DLUfSLUDLF>P`dgDu»xR#EGEGbedgjNDLFr»b½¾SLUDLF>P`dgD}YGHVUGUSD}E)R#F7bgD]Ï!HVUK<Dt¯vR#F>bgHGa*HVUfSLK/R#bgHVUGUD}b½¾SLUDLF>P`dgDO¡zÕRwQDTbgD]
SLwQSLUDLhfDLUK<]vl¼z[GF>dgYGD]nrHVhhfDOUHVN]ob½§RwQHVU]vw*N'EGF<STSYGDLhhfDLUKaGbqRBYﬀdg]>K>F>de[GNGK>dgHVU¬DLU
sin2 θ
HV[GK<DLUND
»mE)R#F>K>deFfYGDŁb½¾SLUDLF>P`dgDYGHVUGUSDpE)R#FbgD]]<deh"NGbqR#K>dgHVU]U½¾D]>KE)RV]@EGbqR#K<D`a7TDpj*NGd]<DLh"[GbgD¬deUYﬀdgj*NDLF@NGUD
SLwQHVbeNGK>dgHVU@RwQDT4b½§R#UGP`bgDoYGDbqR}Yﬀdg]<EDLF<]>dgHVU\HVNBYGD4b½¾DLF>F<DLNGF;]>¼ﬀ]>K<SLhkR#K>dgj*ND4]>NGFb½¾SLUDLF>P`dgD`n#|UBTHVU]<Sj*NDLUTD`a
HVU']½§R#K>K<DLUYp»-TDOjNDubqRxF<DLbqR#K>dgHVUpDLUK>F<D
ESD
DLK
EFD
EcHVNGF4bgD]
θ < 60◦
T/l)R#UGPQDRwQDTub½¾SLUDLF>P`dgD`nﬀ|7UŁ]<D
bedehdeK/R#UKR#NﬀsBR#UGP`bgD];deUﬀSLF>dgDLNGF<]»
45◦
aEcHVNGFbgD]/jNDLbg]bgD]THzDt¥kTLdgDLUK<]7Y½§R#K>K<SLU*N)R#K>dgHVUkYGD];Ï%HVU*K<Dt¯vR#F>bgH
]<DLh"[GbgDLU*KODLUmRVTTHVF<Y%RwQDTxbgD"6D>aGbqR@THVF>F<SLbqR#K>dgHVU
ESD

EFD
HV[GK<DLUNDBD]>KhfDLdebebgDLNGF<D`n
C½¾SLK/R#bgHVUGU)R#PQDkDLU*K>F<Dfb½¾SLUDLF>P`dgD'YGD]-]>deh"NGbeK/R#K>dgHVU]\DLKxb½¾SLUDLF>P`dgDk{£Õ RwQDTfUHVK>F<DbgHVK"Y½¾SLwQSLUDLhfDLUK<]
l¼z[GF>dgYGD]}EcHVNGFbgD]uR#UGP`bgD]}deUﬀSLF>dgDLNGF<]O»
45◦
YGHVUGUDk
E = 0.78 (±0.03) ×EMC Hyp.proton `ðﬀn ~ *
E = 1.02 (±0.04) ×EMC Hyp. fer `ðﬀn ~ ðQ
C½¾ST<lDLbebgD'Y½¾SLUDLF>P`dgDf{£Õ±D]>K-YGHVUTfDLUwzdeF<HVU
20%
DLUﬀYGD]<]<HVN]-b½¾SLUDLF>P`dgDkÏ!HVUK<Dt¯vR#F>bgHEGF<HVK<HVUaDLK
Äz¿c óô&Û;& ¿Ü*Ã`ﬁ%fÁf#(ﬃNÛ;k^ÜﬂfÃQﬂ@iﬃÀ&QÃ!$'&()*
EGF/R#K>dgjNDLhfDLU*KudgYGDLU*K>dgjND"»b½¾SLUDLF>P`dgD-Ï%HVU*K<Dt¯vR#F>bgHDLFn
ï
zõﬀﬁﬃòﬂ>f
S1000  E
² Ü;Gﬁﬃ Û; Û;ﬂf)fÁ hMÜVﬃ0Û* &)fﬃÀ&i2gfﬁ
ÉHVNGF%SLK/R#bgHVUGUDLFmbqR
F<DLbqR#K>dgHVU
S1000

E
arHVU EcHVNGF>F/R#deKpSLPR#bgDLhfDLU*K¬EDLU]/DLFŁ»Å]<SLE)R#F<DLF'bgD%bgHVKpYGD%YGHVUGUSD]Łl¼z[GF>dgYGD]pE)R#F
deUK<DLF>w`R#bebgDxY½§R#UGP`bgD]}ÔSLUGdeK>l)R#NﬀsaGDLK}YGDAYGSLK<DLF>hdeUDLFuYR#U]}T<l)RVTLNGUYGD]}deUK<DLF>w`R#bebgD]bqR\F<DLbqR#K>dgHVU
S1000(θ)

EFD
n7rDLK>K<DŁhfSLK>lHzYGD»b½§RwVR#U*K/R#PQDYGDŁUD'YGSLEcDLUYﬀF<D¬Y½§R#NTLNGUDpl¼zEcHVK>li]<Dp]>NGFBbqR!THVhEcH`]>deK>dgHVUa
UGd4]>NGF-bqR¬HVF>hfD'YGDbqRTHVNGF>[cDfY½§R#K>K<SLU*N)R#K>dgHVU
f(θ)
nCDk]<DLNGbEGF<HV[GbgiLhfDŁYGDkTDLK>K<DkhfSLK>lH*YGD'D]>K"j*ND
bqR!]>K/R#K>dg]>K>dgj*ND'l*¼*[GF>dgYGDUSTD]<]/R#deF<DpEcHVNGF\F<SR#bedg]/DLFfTDLKRIJN]>K<DLhfDLU*KfE)R#FdeUK<DLF>w`R#bebgD¬Y½§R#UGP`bgD¬ÔSLUGdeK>l)R#b
D]>K\[DR#NTHVNGEXK>F<HVEZR#de[GbgD¬»mb½ lDLNGF<DRVTLK>NDLbebgDª;deboR#NYﬀF/R#deKkR#K>K<DLUYﬀF<DpEGbeN]<dgDLNGF<]YﬀdeÔR#deUD]fY½§R#UGUSD]
EHVNGF-HV[GK<DLUGdeF"NGUDEGF<STLdg]>dgHVU]>Nﬀ¥k]ÎR#UK<DgC4½¾SLK/R#bgHVUGU)R#PQDkDLUK>F<Dkb½¾D]>K>dehkR#K<DLNGF"YﬀNÆ¡zÕ±DLK-b½¾SLUDLF>P`dgDk{;Õ
YGHVdeKu]½¾DtDTLK>NDLFODLUm]/DAF/R#EGEHVF>K/R#U*KA»@NGU!R#UGP`bgD-YGDxF<StSLF<DLUTD`aGR#NGK<D-YGD"j*NHVdbqR@R#de[GbgD]<]<DxYﬀNUHVhB[GF<D
Y½¾SLwQSLUDLhfDLUK<]OdeUK>F<HzYﬀNGdeKuNGUD-DLF>F<DLNGFu[DR#NTHVNGEK>F<HVEmdehEHVF>K/R#U*K<D`n
ñA,	Ł  ºXó<9;6}ó³\6 B)µ'579?)·c5Ò571 ¶71B5£·Lö}:<5
HVN]@RwQHVU]@YGSTLF>deK\EGF<STSYGDLhhfDLU*KkYﬀdSLF<DLUK<D]hfSLK>lHzYGD]@Y½¾D]>K>dehkR#K>dgHVUËYGDkb½¾SLUDLF>P`dgDpYGD]@SLwQSt
UDLhfDLUK<]arYGSLK<DTLK<S]'E)R#F'bgDmF<S]<DR#NYGD%]>NGFJRVTD`ar»ªE)R#F>K>deFpYGD]<j*NDLbebgD]kdebD]>KfEcH`]<]>de[GbgDmYGD%THVU]>K>F>NGdeF<D
YﬀdcSLF<DLU*K<]u]>EcDTLK>F<D]}Y½¾SLUDLF>P`dgD`n
ù½§R#dcNGK>debedg]<SObqRBEGF<H*TSYﬀNGF<DAYGDOF<DTHVU]>K>F>NTLK>dgHVUYGSTLF>deK<DEGF<STSYGDLhhfDLUK}EcHVNGF}R#U)R#be¼z]<DLFrbgD]vYGHVUGUSD]
YﬀNªEGF<DLhdgDLFI<R#UwzdgDLFBÑ`_`_#mR#N
~
IJNGdebebgDLK"Ñ`_`_
Ø
nCD]-TLF>deK<iLF<D]BjNGd7HVUKBSLK<SkR#EGEGbedgjNS]BR#Nﬀs¤SLwQSLUDLhfDLU*K<]
]<HVUKbgD]O]>NGdew`R#UK<]-
?
b½¾SLwQSLUDLhfDLUKYGHVdeKuyLK>F<Dz(v
?
b½¾SLwQSLUDLhfDLUK-YGHVdeKAyLK>F<Du(Xð%TLdeUjwQHVdg]>deUD]AHVESLF/R#K>dgHVUGUDLbebgD]?×TANGFOF<DTHVU]<K>F>NGdeKAYR#U]NGU!K>F>d
R#UGP`bgD-YGD-]<K/R#K>dgHVU]uHVEcSLF/R#K>dgHVUGUDLbebgD]Î
?
b½§R#UGP`bgDxÔSLUGdeK>l)R#b;D]>KdeUﬀSLF>dgDLNGF»
60◦
?
b½¾SLUDLF>P`dgDxF<DTHVU]>K>F>NGdeK<DBD]>K}]>NGEcSLF>dgDLNGF<D"»
3
|D
Mu­U¤Y½¾HV[GK<DLUGdeFxNGU¤bgHVKxYGD@YGHVUGUSD]xYGD\bqRkhfDLdebebgDLNGF<Dj*N)R#bedeK<S@EcH`]<]>de[GbgD`aIL½§R#d7SLbedehdeUS@bgD]ESLF>dgHzYGD]
YﬀNGF/R#UK}bgD]/jNDLbebgD]ub½§RVTjNGdg]>deK>dgHVU%YGD]}YGHVUGUSD]uSLK/R#deK}EcDLF>K>NGF>[cSD`nCD]}EcSLF>dgHzYGD]}DtsﬀTLbeND]u]<HVUK"
?
YﬀN

¦V_`¦VÑ`_`_#ŁR#N!Ñ
Ø

`
VÑ`_`_#%ﬀEGF<HV[GbgiLhfD"YR#U]}b½§R#bePQHVF>deK>lGhfDBY½§RVTj*NGdg]>deK>dgHVUmYﬀN!rÕuMA¡
?
YﬀNBÑ÷JV_
~
VÑ`_`_JðR#NB_÷JV_#VÑ`_`_JðBEGF<HV[GbgiLhfD4YR#U]b½§R#bePQHVF>deK>lGhfDoYGDYGSTLbgDLUT/lDLhfDLUKYGD]]>K/R#K>dgHVU]
JçJßèé#êQàü ê§ïñ#ä§êèé#ß;ñ#ãÎëèé#ß£ä§ßJëâãJîìÎà#ëçJìtëïêèé#ß¯ëëìtê§ßJàá;ç¯ìtïñ`ìtë`9¯ë'ûß7à#ì>îã/éOàûß1ß¯âT
	cÀeúsö"õÃ&;õ+Û£&Ë@ÜÃ`ﬁ#mgf Ágf*(ﬃ Äz¿v
?
YﬀNmÑ`ÑV_#VÑ`_`_JðkR#N%_
~
V_JðVÑ`_`_JðmﬀEGF<HV[GbgiLhfD"YGD-THVhhBNGUGdgTR#K>dgHVU%F/RVYﬀdgHGn
rD]@ESLF>dgHzYGD]THVUK>F>de[GNDLU*KŁTDLEcDLUYR#UKfK>F<i]@EcDLNËDLUXK<DLF>hfD¬YGDpUHVh"[GF<DmY½¾SLwQSLUDLhfDLUK<]aYﬀNZR#deKfYGD
b½§R#NGP`hfDLUK/R#K>dgHVU¤YGDAbqR@K/R#debebgD-YﬀNF<S]<DR#NmRwQDT-bgDAK<DLhE]n
CDªTR#bgTLNGb"YGDªb½§RVTTDLEGK/R#UTDÆRZSLK<SªDtcDTLK>NSÅRwQDTªbqRZhfSLK>lHzYGD2YﬀN¨THVhEGK/R#PQDÅY½ lDtsGR#PQHVUD Tt>n
T<l)R#EGdeK>F<D%*¬4R#NTHVNGF<]'YGDmbqRªEcSLF>dgH*YGDmR#bebqR#U*KŁYﬀN

er I>R#U*w*dgDLFpÑ`_`_#ÆR#N ~ I¯NGdebebgDLKpÑ`_`_
Ø
deUTLbeN]a4DLU
DtsﬀTLbeN)R#U*KrbgD]vEcSLF>dgHzYGD]rTLdYGD]/]>N]a*bgDOF<S]/DR#NpYGD]>NGFJRVTDAYGDOb½  []/DLF>wVR#K<HVdeF<DAÉ7dgDLF>F<DxMONGPQDLF}RBRVTTLNGhBNGbgS
≈ 2.94 1010 TDLbebeNGbgD]6(Xð]/DTHVUYGD]a*]/HVdeK4NGUDORVTTDLEGK/R#UTDK<HVK/R#bgDYGD 1.35 1011 Ç h 2 n¾]>Fn¾]aHVÈ 4280 Ç h 2
]>F"R#UacEHVNGFBYGD]-SLwQSLUDLhfDLUK<]@R¼R#U*K\YGD]"R#UGP`bgD]
θ < 60◦
n|7U]<D@bedehdeK/R#U*K\R#Nﬀs2R#UGP`bgD]-deUﬀSLF>dgDLNGF<]B»
45◦
aﬀb½§RVTTDLEGK/R#UTDBD]>K}YGD
0.9 1011
Ç h 2 n¾]<Fn¾]aGHVN 2850
Ç h 2 n¾]>Fn§R#UaG]<HVdeKuDLU*w*deF<HVU 1.8× Mu AMA¡zM\n
CD]>EcDTLK>F<D}Y½¾SLUDLF>P`dgD`aDLU
[
m2.s.sr.eV
]−1 a`D]>KYGHVUGUSE)R#F4bgDvUHVh"[GF<DuY½¾SLwQSLUDLhfDLU*K<]vYGSLK<DTLK<S]E)R#F
deUK<DLF>w`R#bebgD-Y½¾SLUDLF>P`dgD`a)Yﬀdewzdg]<SAE)R#F}b½§RVTTDLEGK/R#UTDBTHVF>F<D]>EHVUYR#U*K<D`n
C½§RVTTDLEGK/R#UTD¬YﬀNÆF<S]<DR#NÆYGDŁ]>NGFJRVTD'YGHVdeK@yLK>F<Dp]/R#K>NGF<SDpR#NﬀsÆR#bgDLUK<HVNGF<]YGD
E = 4
D@a;RwQDTŁbqR
F<StSLF<DLUTD-Y½¾SLUDLF>P`dgD\YGHVUGUSD-E)R#FubgD]u]>dehBNGbqR#K>dgHVU]n)ù½§R#d;TR#beNGbgSxbgD"]<EDTLK>F<D-DLU%SLUDLF>P`dgDBR#NﬀYGD]<]>N]OYGD
3
|D@aRwQDTYGD]AdeUK<DLF>w`R#bebgD]xYGD
0.1
DLU
log(E)
acK<HVNGKxDLUª]/RVT/l)R#UK"j*ND"bqR'EGF<DLhdgiLF<D@w`R#bgDLNGFa
E ' 3.16
|D@aF>dg]<j*NDY½¾yLK>F<DK>F<HVE"[)RV]<]<DuRVTTDLEGK/R#UTDoF<SDLbebgD7EGbeN]R#de[GbgDtnCRvE)R#F>K>dgD4YﬀN"]<EDTLK>F<DHVÈ"b½§RVTTDLEGK/R#UTD
D]>Ku»@THVNGEm]I|GF}]/R#K>NGF<SD"]<Dx]>deK>ND-YGHVUT"R#NﬀYGD]/]>N]}YGD
1018.6
D\n
CD]}]>EcDTLK>F<D]vEGF<S]<DLU*K<S]uYR#U]TDLK>K<D-SLK>NYGDx]<HVU*KK>F/RVWS]uRwQDT"YGD]vdeUTDLF>K>deK>NYGD]O]>NGFvbgDNﬀspTHVF>F<D]J
EHVUYR#U*KNGUGdgj*NDLhfDLUK7»NGUDoDLF>F<DLNGF]>K/R#K>dg]>K>dgj*ND4]<NGFbgDUHVhB[GF<DoY½¾SLwQSLUDLhfDLU*K<]7YR#U]T/l)RVjND4deUK<DLF>w`R#bebgD
Y½¾SLUDLF>P`dgD`nCD]-[)R#F>F<D]"Y½¾DLF>F<DLNGF<]"]<HVU*K"YGHVUTf]<DLNGbgDLhfDLU*K"deUYﬀdgTR#K>dewQD]aDLK"UDYGHVdewQDLUK"E)RV]"yLK>F<DfTHVU]>d
YGSLF<SD]fTHVhhfDF<S]>NGbeK/R#U*K'Y½ NGUDD]<K>dehkR#K>dgHVUËEGF<STLdg]<D`nCD]kdeUTDLF>K>deK>NYGD]']<NGFb½¾SLUDLF>P`dgDUD¬]<HVU*KfE)RV]
F<DLEGF<S]<DLUK<SD]abgD]4]>EcDTLK>F<D]hfHVU*K>F<S]4E)R#F4bqR-]>NGdeK<D}THVU]<K>deK>NDLUKvYGD]7F<S]>NGbeK/R#K<]oEGF<SLbedehdeU)R#deF<D]n*CRxYGSLK<DLFJ
hdeU)R#K>dgHVUŁYGDOK<HVNGK<D]4bgD]r]<HVNGF<TD]vY½¾DLF>F<DLNGF<]v]>¼ﬀ]>K<SLhkR#K>dgjND]r]>NGFob½¾SLUDLF>P`dgDD]<K4NGUkEGF<HV[GbgiLhfDATHVhEGbgDtsGD`a
jNGd)R#deKvDLUTHVF<Dub½¾HV[ﬀI>DLKvYGDuUHVhB[GF<DLN]<D]SLK>NYGD]rR#Np]<DLdeUpYGD}bqRBTHVbebqR#[HVF/R#K>dgHVU¬MONGPQDLFa*DLKvj*NGd)U½¾D]>KrE)RV]
bgDA[GNGKuYGDxTDLK>K<DxEGF<S]<DLU*K<D"SLK>NYGD`n
CD]r]<HVNGF<TD]EGF>deUTLdeE)R#bgD]vY½¾DLF>F<DLNGFv]>¼z]<K<SLhkR#K>dgjNDuEHVNGFbgD]ohfSLK>lHzYGD]oj*NGdNGK>debedg]<DLU*Kob½¾SLUDLF>P`dgDYGHVUﬀ
USDuE)R#FrbqRxNHVF<D]/TDLUTDAEGF<HwzdgDLUGUDLUK}YGDObqR-F<DLbqR#K>dgHVU¬Y½¾SLK/R#bgHVUGU)R#PQD
S38

EFD
nzC½¾HVF<YﬀF<DAYGDP`F/R#UYGDLNGF
YGDrTDLK>K<DDLF>F<DLNGFoD]>K7Y½¾DLUwzdeF<HVU
30%
»u[)RV]/]<DvSLUDLF>P`dgD}DLK
50%
EHVNGF7bgD]7SLUDLF>P`dgD]4R#NGK<HVNGFoYGD
100
|D\nJDÞb
D]>KoYGHVUT»-b½ lDLNGF<DARVTLK>NDLbebgDuEGF<SLhkR#K>NGF<SAYGDOTHVUTLbeNGF<Dj*N)R#UK»xbqR-EGF<S]<DLUTDHVN'UHVUŁY½ NGUDOTHVNGEGNGF<DAYGD
K¼zED- ﬀﬁ YR#U]bgDA]>EcDTLK>F<D`nGÉ;HVNGF}bgD]vhfSLK>lH*YGD]}NGK>debedg]/R#UK}bgD]]<deh"NGbqR#K>dgHVU]aGb½ deUTDLF>K>deK>NYGD-EGF>deUTLdeE)R#bgD
EGF<HwzdgDLUKfYﬀNXhfHzYGiLbgDŁY½ deU*K<DLF/RVTLK>dgHVU l)RVYﬀF<HVUGdgj*NDpNGK>debedg]<S`a7DLK@deb]<DLh"[GbgDpEGF>NYGDLU*KkYGDpTHVU]>dgYGSLF<DLFNGUD
DLF>F<DLNGFu]>¼ﬀ]>K<SLhkR#K>dgjND"]>NGF}b½¾SLUDLF>P`dgD"YGD-b½¾HVF<YﬀF<D-YGD
30%
a)THVhEGK<DxK<DLU*N%YGDxb½¾STR#F>KAR#EGE)R#F<DLUKDLUK>F<D-bgD]
Ä*ú
 óô&Û;& ¿Ü*Ã`ﬁ%fÁf#(ﬃNÛ;k^ÜﬂfÃQﬂ@iﬃÀ&QÃ!$'&()*
ST<lDLbebgD]OY½¾SLUDLF>P`dgD"{£Õ DLKO¡zÕ\n
CR-­P`NGF<D3ðﬀn

@debebeN]>K>F<DObgD]r]>EDTLK>F<D]vHV[GK<DLU*N]}RwQDTObqR-hfSLK>lHzYGDAYﬀN¬6D>|?{£ÕÌDLKRwQDTObgD]r]<deh"NGbqR
K>dgHVU]uQ»AE)R#F>K>deFrYﬀN
S38
MC RwQDTuSLwQHVbeNGK>dgHVU'YGD η
£HVNkYﬀdeF<DTLK<DLhfDLU*KvRwQDT}bqRAF<DLbqR#K>dgHVU
S1000

E
YGSTLF>deK<D
DLU`ðﬀn

_Qtn
CD]O]>EDTLK>F<D]HV[GK<DLUN]A»E)R#F>K>deFYGD-bqRfhfSLK>lH*YGD@6DJ|?{£ÕDLKuYGD"bqRhfSLK>lHzYGD
S38
MC ?{;Õ ]/HVUK
EGF/R#K>dgjNDLhfDLU*K"dgYGDLU*K>dgjND]a;RwQDTfYR#U]-b½ deUK<DLF>w`R#bebgD
E ∈ [1018.6 eV , 1019.6 eV] NGUDEcDLUK<DfbgHVPR#F>deK>lﬀ
hdgjNDkYGD
γCIC = −2.81 (±0.09) EcHVNGF-bgD'6D> DLK γS38MC = −2.78 (±0.15) EcHVNGF-bgD S38 MC n;rD
F<S]>NGbeK/R#K£U½¾D]>K;E)RV]7]>NGF>EGF<DLU)R#UKTR#F£bgD];F<DLbqR#K>dgHVU]7Y½¾SLK/R#bgHVUGU)R#PQD}DLUK>F<Drb½¾SLUDLF>P`dgD{£Õ DLK£bgD
S38
]<HVUK£EGF/R
K>dgjNDLhfDLU*K}dgYGDLUK>dgj*ND]EcHVNGFbgD]YGDLNﬀs'hfSLK>lHzYGD]nGCD]EcDLUK<D]}bgHVPR#F>deK>lGhdgjND]}YGD]u]>EDTLK>F<D]HV[GK<DLU*N]
RwQDTxbgD]OR#NGK>F<D]}hfSLK>lHzYGD]u]<HVU*K}SLPR#bgDLhfDLUKK<HVNGK<D]uTHVhE)R#K>de[GbgD]ORwQDT"TD]w`R#bgDLNGF<]n
,.-F/.1Lðﬀn


2
ôPR#NT<lDp)]<EDTLK>F<DBDLU!SLUDLF>P`dgD\YGD]uF/R¼QHVU]ATH`]>hdgjND]ARwQDTBb½¾SLUDLF>P`dgD@D]>K>dehfSDBE)R#FubgD]
]>deh"NGbqR#K>dgHVU]xﬀ»"E)R#F>K>deFvYﬀN
S38
MC RwQDTASLwQHVbeNGK>dgHVUYGD η
oHVNŁYﬀdeF<DTLK<DLhfDLU*KORwQDTbqR"F<DLbqR#K>dgHVU
S1000

E
YGHVUGUSD"DLUyðﬀn

_ﬀa)DLK»E)R#F>K>deFYGD"bqR@hfSLK>lH*YGD6D>|?{;Õ@n YﬀF<HVdeK<D'GbgD-hfyLhfDB]>EcDTLK>F<D-h"NGbeK>deEGbedgS\E)R#F
E3
aYGDx]<HVF>K<D"jN½ NGUD-SLwQHVbeNGK>dgHVU%DLUbgHVdYGDxEGNGdg]<]/R#UTD
E−3
R#EGE)R#F/R#dg]<]<DAEGbqR#K<D`n
CHVF<]<j*NDAb½¾HVUm]<DbedehdeK<D"R#NﬀsR#UGP`bgD]deUﬀSLF>dgDLNGF<]O»
45
YGDLP`F<S]aﬀbgDx]<EDTLK>F<DxHV[GK<DLU*N%D]>KEcDLNYﬀdcSLF<DLU*K
YGD'TDLbeNGdTHVF>F<D]>EcHVUYR#UKk»
θ < 60◦
nCR­P`NGF<Djðﬀn

ð%debebeN]>K>F<DpTDLK>K<DpYﬀdcSLF<DLUTDŁEcHVNGFBbgD]\hfSLK>lHzYGD]
[)RV]<SD]4]<NGF4bgD]4Ï!HVUK<Dt¯vR#F>bgHGaﬀj*NGd)]<HVU*K4bgD}EGbeN]r]>N]<TDLEGK>de[GbgD]rYGDw`R#F>dgDLF4bgHVF<]<j*ND}b½¾HVU'E)RV]<]<DOYGD
θ < 60◦
»
θ < 45◦
nCDf]<EDTLK>F<DTHVF>F<D]>EcHVUYR#UK»
θ < 45◦
D]>KxbgSLPQiLF<DLhfDLU*KBEGbeN]"[)RV]xEcHVNGF-bgD]"]>dehBNGbqR#K>dgHVU]
÷tEGF<HVK<HVU÷VaDLK}bgSLPQiLF<DLhfDLU*KuEGbeN]}l)R#NGKuEHVNGFbqR@hfSLK>lHzYGD
S38
MC ?{£Õ@n
CD]'­P`NGF<D]p]>NGdew`R#UK<D]ŁF<DLEGF<S]<DLUK<DLU*KbqRÅTHVhE)R#F/R#dg]<HVUYﬀN]>EcDTLK>F<D%hfD]>NGF<SmE)R#Fpb½

[]<DLF>w`R#K<HVdeF<D
	cÀeúsö"õÃ&;õ+Û£&Ë@ÜÃ`ﬁ#mgf Ágf*(ﬃ Ä*úÄ
,6-0/.1ðﬀn

ð
2
rHVhE)R#F/R#dg]<HVUDLUK>F<D¬bgD¬]>EcDTLK>F<Dªh"NGbeK>deEGbedgSmE)R#F
E3
BHV[GK<DLUNËEcHVNGF
θ < 60◦
DLKEcHVNGF
θ < 45◦
aEcHVNGFrbqR-hfSLK>lHzYGD
S38
MC ?{£ÕÌDLKrEHVNGFrb½¾D]>K>dehkR#K>dgHVU¬YGHVUGUSDE)R#FobgD]v]>dehBNGbqR#K>dgHVU]vEGF<HVK<HVUn
É7dgDLF>F<DxMuNGPQDLF}RwQDTAbqR"hfSLK>lHzYGDxÏ!HVUK<D-vR#F>bgH@EGF<HVK<HVUDLK}RwQDTAbqRBhfSLK>lH*YGD"6D>|?{£Õ@azTHVhE)R#F<S-R#Nﬀs
hfD]>NGF<D]vYGD}b½¾DtsﬀESLF>dgDLUTDAMu AMx¡zM¨DLKoTDLbebgD]vY½¾OdeF<D]nzCR-UHVF>hkR#bedg]ÎR#K>dgHVUYﬀNŁ]>EcDTLK>F<DHV[GK<DLUNDxRwQDTbqR
hfSLK>lH*YGD"6D>|?{£Õô]/DLh"[GbgD-yLK>F<DAdeUﬀSLF>dgDLNGF<DxY½ NGUDxwzdeUGP`K/R#deUDxYGDAEHVNGF<TDLU*KO»@TDLbebgDxYGDxudeF<D]nGC½¾STR#F>K
DLUK>F<D\bgD"]>EcDTLK>F<D\MuNGPQDLFAÏ%HVU*K<D@vR#F>bgHpDLKbgD"]>EcDTLK>F<D\MuNGPQDLF-6DJÌ]<DLhB[GbgDByLK>F<D@SLPR#bgDLhfDLUKxYﬀN!hfyLhfD
HVF<YﬀF<D-YGDAP`F/R#UYGDLNGFOj*NDAb½¾STR#F>KuDLUK>F<DBMu AMx¡zM DLK}OdeF<D]n
CDuYGS]ÎRVTTHVF<Y'RVTLK>NDLb]<NGF4bqRAUHVF>hkR#bedg]/R#K>dgHVU¬YﬀNk]<EDTLK>F<DODLUK>F<DuDtsﬀEcSLF>dgDLUTD]4NGK>debedg]/R#U*KobqRxK<DT<lGUGdgj*ND
YGDObqRBNHVF<D]/TDLUTD-DLKvbgD]F<S]<DR#NﬀsŁYGDxYGSLK<DTLK<DLNGF<]OR#N]<HVb]<DLh"[GbgDxEcHVNGFvb½ deU]>K/R#UKOHV[]<DLF>wQSxYGDAhkR#UGdgiLF<D
]>dehdebqR#deF<DxE)R#F}b½

[]<DLF>w`R#K<HVdeF<D-É7dgDLF>F<DBMuNGPQDLFn
Ä*úmv óô&Û;& ¿Ü*Ã`ﬁ%fÁf#(ﬃNÛ;k^ÜﬂfÃQﬂ@iﬃÀ&QÃ!$'&()*
,.-F/.1gðﬀn
ØB2
¡*EcDTLK>F<D}DLU'SLUDLF>P`dgDOYGD]7F/R¼QHVU]rTH`]>hdgj*ND]hBNGbeK>deEGbedgSuE)R#F
E3
aQHV[GK<DLUN¬RwQDTub½¾D]>K>dehkR#K>dgHVU
Ï%HVU*K<Dt¯vR#F>bgHŁEGF<HVK<HVU!DLKOb½¾D]>K>dehkR#K>dgHVUª6D>|?{£Õ@a)EcHVNGFOYGD]AR#UGP`bgD]uÔSLUGdeK>l)R#Nﬀs%deUﬀSLF>dgDLNGF<]A»
45◦
nCD]
YGHVUGUSD]uYGDAb½¾DtsﬀESLF>dgDLUTD"Mu AMA¡zMôDLKuYGDAb½¾DtsﬀESLF>dgDLUTDBudeF<D]u]<HVUK}SLPR#bgDLhfDLU*KOF<DLEGF<S]<DLU*K<SD]n
	cÀeúsö"õÃ&;õ+Û£&Ë@ÜÃ`ﬁ#mgf Ágf*(ﬃ Ä*ú¿
,6-0/.1gðﬀn

÷
2
¡*EcDTLK>F<DuDLUkSLUDLF>P`dgDOYGD]7F/R¼QHVU]rTH`]>hdgj*ND]h"NGbeK>deEGbedgSOE)R#F
E3
aQHV[GK<DLUN¬RwQDTub½¾D]>K>dehkR#K>dgHVU
Ï%HVU*K<Dt¯vR#F>bgH'EGF<HVK<HVU¤DLKub½¾D]<K>dehkR#K>dgHVUª6D>|?{£Õ\aEcHVNGFOYGD]AR#UGP`bgD]uÔSLUGdeK>l)R#NﬀsmdeUﬀSLF>dgDLNGF<]A»
60◦
nCD]
YGHVUGUSD]uYGDAb½¾DtsﬀESLF>dgDLUTD-Mu xMA¡zMôDLKuYGDAb½¾DtsﬀESLF>dgDLUTDBudeF<D]}]/HVUKuSLPR#bgDLhfDLU*KuF<DLEGF<S]<DLU*K<SD]n
Ä*úú óô&Û;& ¿Ü*Ã`ﬁ%fÁf#(ﬃNÛ;k^ÜﬂfÃQﬂ@iﬃÀ&QÃ!$'&()*
ﬂ ﬃÉ	! è	  µsC	
Ì  É¾fÇ ÆÈÁÈÇ*¿ÉÊÀÂ¾ ﬀ Í Á5ÄÒ ÇÓﬁÏÀ
Ô À
 Æ ( Ç¾Ô ÉgÕ ÍÏÀ
"< ÆÈÁÈÇ ﬀ Íﬁ(lÆ5ÉÊÇÓ
Z·M@µ@ºXö}ºz?:\@}1´5?Ìºu1B:\B[@ ?)·m@µ@:<5gB
ArdgDLU'j*ND}b½¾Dtsﬀdg]>K<DLUTDOYGD]4F/R¼QHVU]vTH`]>hdgj*ND]o]/HVdeK4NGUfR#deKoSLK/R#[GbedcYGDLEGNGdg]vR#N'hfHVdeU]oNGU']>dgiTLbgD`abgDLNGF
HVF>deP`deUD4DtsRVTLK<D4F<D]>K<D4deUTDLF>K/R#deUD`nCREGF>deUTLdeE)R#bgDrF/R#dg]<HVUBDLU\D]>Kj*ND`aTHVU*K>F/R#deF<DLhfDLUK4R#Nﬀs-EGlHVK<HVU]abgDLNGF<]
K>F/RIJDTLK<HVdeF<D]7]<HVU*K7YGSLw*dgSD];E)R#F£bgD]£T<l)R#hE]7hkR#P`USLK>dgj*ND]a`DLK£YGHVUTobgD]£YﬀdeF<DTLK>dgHVU]Y½§R#F>F>dewQSDYGD];F/R¼QHVU]
TH`]>hdgjND]uUD-EcHVdeUK<DLU*KE)RV]OwQDLF<]}bgDLNGF<]]<HVNGF<TD]nÕAD-EGbeN]a)bgD]OT/l)R#hE]OhkR#P`USLK>dgj*ND]OPR#bqRVTLK>dgjND]ADLK
DtszK>F/RPR#bqRVTLK>dgj*ND]R#N\]/DLdeU\YGD]<j*NDLbg]£]½¾DtDTLK>ND4bqROEGF<HVE)R#PR#K>dgHVUfYGD]E)R#F>K>dgTLNGbgD]7HVUK£NGUTHVhEHVF>K<DLhfDLU*K
T<l)RVHVK>dgj*ND`az]<NGFoYGD]rST<lDLbebgD]R#bebqR#UKYGD
108 cm
»
1020 cm

Ø
÷a*DtsﬀTLbeN)R#U*KvbqRxEcH`]<]>de[GdebedeK<SuYGDOEGF<SYﬀdeF<DObgD]
K>F/RIJDTLK<HVdeF<D]£YGDrhkR#UGdgiLF<DrEGNGF<DLhfDLUKYGSLK<DLF>hdeUGdg]>K<D`nVCROEGF<HVE)R#PR#K>dgHVUfYGD]F/R¼QHVU]7TH`]>hdgj*ND];EDLNGK£YGHVUT
yLK>F<DTHVU]>dgYGSLF<SDTHVhhfDNGU¤EGF<H*TD]/]>N]xYﬀdN]<dIJN]<jN½§»'l)R#NGK<DfSLUDLF>P`dgD¬bgDLNGF-Yﬀdg]>K>F>de[GNGK>dgHVUÅ]>E)R#K>dqR#bgD
D]>K£lHVhfHVPQSLUSLdg]<SDu]>NGF7YGDvP`F/R#UYGD]oST<lDLbebgD]a)÷LYﬀdebeN)R#U*K÷b½ deUﬀHVF>hkR#K>dgHVUk]>NGF7bqRF<SLE)R#F>K>deK>dgHVUkYGD]4]<HVNGF<TD]n
rDLEDLUYR#U*KabgHVF<]<j*ND@b½¾SLUDLF>P`dgDfYGD]xF/R¼QHVU]"TH`]>hdgj*ND]"R#NGP`hfDLUK<D`aNGUDfR#UGdg]<HVK>F<HVEGdgDEcDLNGK"R#EGE)R
F/ROgK>F<D]<HVdeKxE)R#F<TDfj*NDBb½§R#EGEGF<HszdehkR#K>dgHVUZYﬀdcN]>dewQD@U½¾D]>KxEGbeN]xw`R#bqR#[GbgD`a]<HVdeKxE)R#F<TDfj*ND\bgDTH*Dt¥kTLdgDLU*K
YGDxYﬀdN]>dgHVUYGDLwzdgDLUK}]<Nﬀ¥k]/R#hhfDLUK}P`F/R#UYEHVNGF}j*NDAYGD]deUGlHVhfHVPQSLUSLdeK<S]uYR#U]bqR@Yﬀdg]<K>F>de[GNGK>dgHVUmYGD]
]<HVNGF<TD]uEGNGdg]/]<DLUKAEGF<HzYﬀNGdeF<D"NGU¤DtcDLKhfD]>NGF/R#[GbgD`ncÉ7beN]E)R#F>K>dgTLNGbedgiLF<DLhfDLUKahfyLhfDB]>d;b½¾HVU¤]<D-EGbqRVTD@DLU
F<SLP`dehfDYﬀdN]>d>abqRpYGDLU]>deK<SYGD]x]<HVNGF<TD]xYGD@F/R¼QHVU]-TH`]>hdgj*ND]-YR#U]AbqRŁPR#bqRszdgDD]<KwzF/R#dg]<DLhB[GbqR#[GbgDt
hfDLUKAEGbeN]OSLbgDLwQSD@YR#U]bgD]OF<SLP`dgHVU]TDLU*K>F/R#bgD]AEGbeNGK<ÚVKxjN½¾DLU!ESLF>deEGlSLF>dgD`acTD\jNGdEHVNGF>F/R#deKxTR#N]<DLFNGU
bgSLPQDLFADtsGTi]xYﬀN¤Nﬀs!DLUªYﬀdeF<DTLK>dgHVUYﬀNªTDLU*K>F<DPR#bqRVTLK>dgjND`aDLKANGU2YGSt­)TLdeK-YR#U]AbqRŁYﬀdeF<DTLK>dgHVUHVEGEcH`]<SD`n
ÕD@bqR¬hfyLhfD@RVWHVUaNGU2hfHVNGwQDLhfDLUK@Y½§RVYﬀwQDTLK>dgHVUÅP`bgHV[)R#boYﬀNYﬀdg]<j*NDPR#bqRVTLK>dgjNDfwQDLF<]-bgDl)R#bgH¬EcDLNGK
yLK>F<DAbqRTR#N]<D-Y½ NGUD"R#UGdg]/HVK>F<HVEGdgDxhfD]>NGF/R#[GbgD`n
CRŁYﬀdg]>K>F>de[GNGK>dgHVUR#UGP`NGbqR#deF<DYGD]F/R¼QHVU]xTH`]>hdgj*ND]xD]>KAYﬀd¥kTLdebgDf»'EGF<SYﬀdeF<DBEGF<STLdg]/SLhfDLUKaTR#FxDLbebgD
YGSLEDLUY¬YGD]THVUYﬀdeK>dgHVU]}YGDAEGF<HVE)R#PR#K>dgHVUa)jNGd]<HVU*KF<DLbedgSD]u»BbqRBHVdg]}R#NﬀspTHVUﬀ­P`NGF/R#K>dgHVU]O»BP`F/R#UYGD-DLK
»ŁEDLK>deK<DST/lDLbebgDfYGD]-T<l)R#hE]"hkR#P`USLK>dgjND]aDLK"»ŁbqRŁEH`]<deK>dgHVU2YGDbqRx(DLF>F<DE)R#FxF/R#EGEcHVF>KBR#Nﬀsª]>K>F>NTt
K>NGF<D]}hkR#P`USLK>dgj*ND]OhkRI>DLNGF<D]THVhhfD-bgD]O[GF/RV]u]>EGdeF/R#NﬀsmYGD"UHVK>F<D-PR#bqRsﬀdgD`n)CRfEGF<S]<DLUTDBYR#U]uUHVK>F<D
Ä*ú>c
wQHVdg]>deU)R#PQDpYGDŁUHVh"[GF<DLN]<D]m÷L]<NGEDLF@[GNGbebgD]÷Łj*NGdrEcDLNGwQDLUKEcDLF<TDLF@bgDpYﬀdg]<jND'PR#bqRVTLK>dgj*ND¬DLK\EGF<HzYﬀNGdeF<D
YGD]B÷LT/lDLhdeUSD]÷-bgD-bgHVUGP'YGD]<j*NDLbebgD]}bgD]uF/R¼QHVU]TH`]>hdgjND]OYﬀdN]/DLUKuEGbeN]}RVTLdebgDLhfDLU*KOwQDLF<]ubgDxl)R#bgHGa
EDLNGwQDLU*KuSLPR#bgDLhfDLUKyLK>F<DxF<D]>EcHVU]/R#[GbgD]uY½§R#UGdg]/HVK>F<HVEGdgD]u]>EcSTLd­)jND]"
Ø
¦#n
|7Um]<NGEGEH`]/R#U*KuNGUD-Yﬀdg]<K>F>de[GNGK>dgHVUmlHVhfHVPQiLUD\YGD]u]<HVNGF<TD]OYR#U]}bgD-Yﬀdg]<j*NDxPR#bqRVTLK>dgj*ND"DLK}NGUD"Yﬀdò
N]<dgHVUfdg]<HVK>F<HVEcD`a`bqRxEcH`]>deK>dgHVUkDtsGTDLUK>F<SDYGDbqR(DLF>F<DOYR#U]4bqRAPR#bqRszdgD\F/RVYﬀdqR#bgDLhfDLUKDLKwQDLF>K>dgTR#bgDLhfDLU*KÎ
EGF<H*YﬀNGdeK¬NGUD2R#UGdg]/HVK>F<HVEGdgD2YﬀdeEHVbqR#deF<DªY½§R#hEGbedeK>NYGD
α
EGF<HVEcHVF>K>dgHVUGUDLbebgDÅR#N¨THzDt¥kTLdgDLUKmYGDªYﬀdcN]>dgHVU
D(E)
a4beNGduhfyLhfD%YGSLEDLUYR#U*KŁYGDmb½¾SLUDLF>P`dgDÅ¤÷V^#n4uUD!R#UGdg]<HVK>F<HVEGdgD%YﬀdeEcHVbqR#deF<DEcDLNGKŁR#N]/]>d}EGF<HwQDLUGdeF
YﬀN¬hfHVNGwQDLhfDLUKOF<DLbqR#K>d£YﬀN]>¼ﬀ]>K<iLhfDx]<HVbqR#deF<DAE)R#FuF/R#EGEHVF>KuR#N¬EGbqRV]>hkRdeUK<DLF<]>K<DLbebqR#deF<D"K>F/R#U]>EHVF>K/R#U*K}bgD]
deUGlHVhfHVPQSLUSLdeK<S]-hkR#P`USLK>dgj*ND]"]>NGFxbgD]/jNDLbebgD]xYﬀdcN]<DLUK"bgD]xE)R#F>K>dgTLNGbgD]nÕxR#U]ANGUªhfHzYGiLbgDf]>dehEGbedg]>K<D
¤÷V_HVÈpbgD]}]<HVNGF<TD]]<HVU*KuYﬀdg]>K>F>de[GNSD]}YGDAhkR#UGdgiLF<DAlHVhfHVPQiLUD-YR#U]}NGUYﬀdg]<jNDAY½¾SLE)R#dg]<]/DLNGF
2h
aGDLK}HVÈ
bgD]uF/R¼QHVU]ATH`]>hdgjND]]<HVU*KTHVUﬀ­US]AYR#U]NGUml)R#bgHŁYGD"l)R#NGK<DLNGF
H
ab½§R#UGdg]<HVK>F<HVEGdgD»NGUD\Yﬀdg]>K/R#UTD
z
R#NﬀYGD]<]>N]}YﬀN¬EGbqR#UmPR#bqRVTLK>dgjNDŁ
z < h
vD]>K}D]<K>dehfSD"»
δ ' 3D/cH × z/h n
MNGbeK>F/RŁl)R#NGK<DSLUDLF>P`dgD`aNGU¤YﬀdeEcÚVbgD@EcDLNGK"R#EGE)R#F/ROgK>F<Df]>d£bgD]AF/R¼QHVU]BTH`]>hdgjND]x]/DBEGF<HVE)R#PQDLU*KBYGD
RVWHVUËj*N)RV]>dehfDLU*KfF<DTLK>debedeP`UDm»!E)R#F>K>deFfYGD¬]<HVNGF<TD]fDtsGHVK>dgj*ND]F<DLbedgSD]k»!bqR!hkR#K>dgiLF<D¬UHVdeF<D¬]>NGEGEcH`]<SD
yLK>F<DkYﬀdg]>K>F>de[GNSDpYR#U]BbgDfl)R#bgHÆ¤÷

nOUD'R#UGdg]/HVK>F<HVEGdgD'YﬀdeEcHVbqR#deF<DkEcHVNGF>F/R#deK@SLPR#bgDLhfDLUKyLK>F<DkEGF<HzYﬀNGdeK<D
E)R#Fb½¾SLK/R#[Gbedg]<]<DLhfDLU*KrY½ NGUDuEGF<HVE)R#PR#K>dgHVUŁj*N)RV]>dehfDLU*KoYﬀdcN]>dewQDuDLU*K>F<D}NGUDu]/HVNGF<TD}YGHVhdeU)R#UK<DTHVhhfD
b½§R#hkRV]YGDŁOdeF>PQH\DLK@UHVK>F<DpPR#bqRsﬀdgD`n;ÕAD]@hBNGbeK>deEÚVbgD]fY½¾HVF<YﬀF<DpEGbeN]kSLbgDLwQS'EcDLNGwQDLUKfSLPR#bgDLhfDLU*KŁR#Eﬀ
E)R#F/ROgK>F<DU)R#K>NGF<DLbebgDLhfDLUK@YR#U]"TDLF>K/R#deU]"hfH*YGiLbgD]nÉ;R#FBDtsﬀDLhEGbgD`aNGUÅjN)RVYﬀF>deEcÚVbgDfYGHVhdeU)R#UK\YR#U]-bqR
Yﬀdg]>K>F>de[GNGK>dgHVU'R#UGP`NGbqR#deF<D}YGD]F/R¼QHVU]4TH`]<hdgjND]7EcHVNGF>F/R#deK7F<S]>NGbeK<DLF4Y½ NGUfDtsGTi]DLUEGF<HwQDLU)R#UTDuYﬀNEGbqR#U
]>NGEcDLFPR#bqRVTLK>dgjND`n
ò 5¸Ó@u1?5£·Ìº}6 B)µ'579?)·c5÷B[@}6"·c9;5Ò³\6´·cº$#@u1B1\5¸¹571¢? 9ë@B¸¹:<?A6\5
Õ@½ NGUmEcHVdeUKxYGD-wzND-PQSLUSLF/R#bacTR#F/RVTLK<SLF>dg]<DLFbgD]xR#UGdg]<HVK>F<HVEGdgD]AYﬀNmF/R¼QHVUGUDLhfDLUK"TH`]>hdgj*ND-EcDLF>hfDLK
Y½¾HV[GK<DLUGdeFBYGDEGF<STLdgDLN]/D]-deUﬀHVF>hkR#K>dgHVU]B]>NGF"bqR¬Yﬀdg]>K>F>de[GNGK>dgHVUÅYGD]"]<HVNGF<TD]abqR¬]<K>F>NTLK>NGF<DkYGD]"T/l)R#hE]
hkR#P`USLK>dgjND]BDLK-bqRŁw`R#bgDLNGF"YGD]"THzDt¥kTLdgDLUK<]\YGDYﬀdN]<dgHVUDtcDTLK>d]n|U2E)R#F>K>dgTLNGbedgDLFab½§R#NGP`hfDLU*K/R#K>dgHVU
YGD]oTHzDt¥kTLdgDLUK<]vYGDOYﬀdN]>dgHVU¬RwQDTOb½¾SLUDLF>P`dgDAR"Y½ dehEcHVF>K/R#UK<D]vTHVU]<Sj*NDLUTD]v]>NGF4bqR-EGlSLUHVhfSLUHVbgHVP`dgD
YGD]F/R¼QHVU]OTH`]>hdgj*ND]PR#bqRVTLK>dgjND]@j*NDAUHVN]UHVK<DLF<HVU]
a
 A]Îtn
rHVhhfD}bgD]UH¼R#NﬀskYGD[)RV]<]/DSLUDLF>P`dgDu]<HVU*KEGbeN]7RVTLdebgDLhfDLUKrTHVUﬀ­US]oYR#U]4bqRAPR#bqRszdgD`aQdebg]]½§RVTTLNﬀ
h"NGbgDLU*KuDLU¬EGbeN]vP`F/R#UYGD-j*N)R#UK>deK<S-j*NDATDLNﬀspYGDl)R#NGK<D-SLUDLF>P`dgD`aGTHVUYﬀNGdg]/R#U*KR#deU]>d»\NGUpF/R#dgYﬀdg]<]<DLhfDLU*K
YﬀN]>EcDTLK>F<D`nzCDAbedgDLUmDLUK>F<DAbqR\EcDLUK<D
γobs
YﬀN]>EcDTLK>F<DhfD]>NGF<SxYGD]
a
 -r]xa ∝ E−γobs aGDLKvbqR\EcDLUK<D-YﬀN
]>EcDTLK>F<Dx]<HVNGF<TD"YGD]F/R¼QHVU]OTH`]<hdgjND]a ∝ E−γs aYGSLEcDLUYYGDxbqRF<DLbqR#K>dgHVU%DLUK>F<D"bgD-THzDt¥kTLdgDLUKOYGD"Yﬀdò
Ä*ú>v
N]>dgHVUfDLK4b½¾SLUDLF>P`dgD`aT`½¾D]>Ko»-YﬀdeF<DuYGDbqRw`R#bgDLNGFoYGDb½¾DtsﬀEcH`]/R#UK
β
K<DLb)jND
D(E) ∝ Eβ nQM]>Nﬀ¥k]/R#hhfDLU*K
l)R#NGK<DOSLUDLF>P`dgD`a
γobs = γs +β
n*ÕAD}UHVhB[GF<DLNﬀs'hfHzYGiLbgD]vYGDuEGF<HVE)R#PR#K>dgHVU¬YR#U]rbqRxPR#bqRsﬀdgDuEcDLF>hfDLK>K<DLUK
YGD@F<DLUYﬀF<DTHVhEGK<DfYGD@bqR'wVR#bgDLNGF"YGD]AEGF>deUTLdeE)R#bgD]BHV[]<DLF>w`R#[GbgD]-YGD]
a
 A]nCD]xw`R#bgDLNGF<]AF<Dj*NGdg]<D]-YGD
β
aﬀEDLNGwQDLU*KOyLK>F<DxTDLEcDLUYR#UKRV]/]<DLÔ-YﬀdcSLF<DLU*K<D]OY½ NGUmhfH*YGiLbgD"»\b½§R#NGK>F<D`n
CD]ohfH*YGiLbgD]rdehEGbedgj*N)R#UKvNGUDOYﬀdN]<]>dgHVUpYR#U]obgDOYﬀdg]<j*NDDLK4bgDOl)R#bgHGadeUTLbeN)R#U*KrNGUŁwQDLUKvPR#bqRVTLK>dgj*ND
HVN'NGUDAYﬀdcN]>dgHVUpK>NGF>[GNGbgDLUK<D-]>NGP`PQiLF<DLU*K-¤÷V^NGUDOw`R#bgDLNGFYGD
β
THVhEGF>dg]<DADLU*K>F<D-_ﬀn¤÷"DLK_ﬀn§^ﬀaﬀDLURVTTHVF<Y
RwQDTvNGUf]>EcDTLK>F<Dv]<HVNGF<TD}RwQDT
γs ∼ 2.0 aQTHVhhfD}R#K>K<DLUYﬀNkYR#U]£bgDTRV]7YGDvbqROK>lSHVF>dgDbedeUSR#deF<DYGDvb½§RVTTSt
bgSLF/R#K>dgHVUYﬀdN]>dewQDAE)R#F}T/lH*T]nzÕ@½ NGUmR#NGK>F<DxTÚVK<S`aﬀbgD]vhfHzYGiLbgD]EGF<DLU)R#UKODLUTHVhEGK<DAbqR\F<StÞRVTTSLbgSLF/R#K>dgHVU
YGD]
a
r]YGDŁ[)RV]<]/DŁSLUDLF>P`dgD¬YR#U]fbgD'hdebedgDLNXdeU*K<DLF<]>K<DLbebqR#deF<DpRwQHVF>dg]<DLU*KfNGUDpw`R#bgDLNGF@YGD
β ' 1/3 aDLU
RVTTHVF<Y2RwQDT@bqRŁK>lSHVF>dgD]>K/R#UYR#F<Y2YGD\bqRpYﬀdcN]>dgHVUªYR#U]-YGD]xT<l)R#hE]"hkR#P`USLK>dgjND]-EGF<S]<DLUK/R#U*K-NGUD
K>NGF>[GNGbgDLUTDŁYGDŁKÞ¼*EcD%ﬁOHVbehfHVPQHVF<Hwcno¡*NGdew`R#UKTDLK>K<DŁl¼zEHVK>li]<D`abgDp]>EcDTLK>F<D']<HVNGF<TDŁ]<DLF/R#deKfR#bgHVF<]\EGbeN]
EDLU*K>NaDLU
E−2.4
nCRŁj*ND]>K>dgHVU%F<D]<K<DBHVNGwQDLF>K<DDLKAD]>KAYGDBP`F/R#UYGD\dehEcHVF>K/R#UTD\EHVNGFxYGSLK<DLF>hdeUDLFANGUD
K>lSHVF>dgD-YGDxb½¾HVF>deP`deUD-YGD]F/R¼QHVU]OTH`]<hdgjND]-¤÷VÑn
ÕxR#U]"TDkTHVU*K<DtszK<D`adeboD]<K"deUK<SLF<D]/]/R#UK@YGDfUHVK<DLF\jNDkbgD]-hfD]>NGF<D]\Y½§R#UGdg]<HVK>F<HVEGdgD]\EDLNGwQDLU*KBEcDLFJ
hfDLK>K>F<DOYGDOTHVUK>F/R#deUYﬀF<DbgD]hfHzYGiLbgD]vYGDuYﬀdcN]>dgHVU'YGD]
a
 A]oR#deU]>djNDubgDLNGFo]>EcDTLK>F<Du]/HVNGF<TD`aEGNGdg]<j*ND
bqRwVR#bgDLNGFYGDvb½§R#UGdg]<HVK>F<HVEGdgDOYGSLEDLUYYﬀNfTHzDt¥kTLdgDLUKrYGDYﬀdN]<dgHVUn`C½¾SLwQHVbeNGK>dgHVUkEGF<SYﬀdeK<D}YGDvb½§R#UGdg]/HVK>F<HVEGdgD
RwQDTBb½¾SLUDLF>P`dgD\D]<KObedgSD@R#NmhfHzYGiLbgD@YGD"YﬀdcN]>dgHVU%NGK>debedg]/S`aDLKAYGDLw*F/R#deKASLwQHVbeNDLFxYGD"hkR#UGdgiLF<D@]>dehdebqR#deF<D@»
D(E)
aT`½¾D]<Ku»YﬀdeF<DxDLU
Eβ
n
Äﬀ	)

! "
#$	%& &
ÄÁ( 'ÏÀ Ä1ﬂÄ ÆÈÇÉÊÁÈÀ À Æ ﬀ É*) Í ¾ ÉÊÇÓ
ÐÑÒnÓ]ÔÕÑÖ!ÓY×nØ6ÙÚ#ÛÝÜÝÞß¶à
+3ÙtÔÕÑÜØ6æAÖ1ßŁÖ1ßTÞ>ß×>æ*ðÒnÜÝÞnÓ6×AÜÝÛÝæ!ðaÖ1ßnÒÙ*ð~ÛhÒ/æ*ÜÝÞæÚ#ÛßÒTÖWá ÓIð_ßÖ*ÛhÒÜÝÞÛänÓ6ÜÝÛÝæ!ð%Ù!ð]é!ÓIêFÙ!ÛGÞ>ß{Ö1ßÞÙ0/æ!ðÒ×>æ!ÒÔ¥ÛÝë/ÓßÒ
ëÓß¶ð#æ!Ó]ÒTÚ#Þ>ÑÒ/ßðÜßnÞæ!ðÒ¹ÖÙ!ðÒêFß¶×ØIÙÚ#ÛÝÜÝÞßÒÓIÛGåÙ*ðÜWÚ6æCÒÒ/ßÖ1ßÕÖ1ßÒÚ#Þ'ænÚ#ÞÛÑÜÑÒÒnÜÙÜÝÛhÒÜÝÛÝëÓ~ßÒ¶ëÓ]Û
ÚßnÓIåCßnð#Ü
6ÜÝÞßN×>æ*ÔÚ_ÞÛGÒ/ßÒvñ/Ù×ÛêxßnÔÕßnðÜÙ*ÓÔ¹æ0/1ßnðÖ
á ÓIð_ßNÙ!ð#Ù!êFæ>é!Ûß|ÛGð#ÙÜ=Üßnð#Ö!Ó~ß|Ù*åCß×Nê>á ÑÜÝÓÖ1ßfÖ!ÓNÚ_Þ'æA×ßÒÒnÓ1Ò Ö1ß
Ö!Û õTÓ]ÒÛ=æ!ð,+3Ù¥Ö!Û õTÓ1ÒnÛÝæ!ðÚßÓIÜ}6ÜÝÞ>ßt×>æ!ð~ÒÛ=Ö1ÑnÞ>Ñ>ßv×>æ*ÔÔÕßŁêFÙê;ÛÔ¥ÛÜß{×>æ!ð#ÜÝÛGð~Ó~ßùÖ
á Ó]ðÚ#ÞæA×ßnÒÒÓ]ÒùÖ]ßŁÔ¶Ù*Þ'×nØß
Ù!êFÑ>Ù*Üæ!ÛÞßÖ7Ù!ðÒ{êFßâ×>ÙCÒâæ08%êFÙ¶Ô¹Ù!Þ×nØ6ßÙ!êFÑ>Ù*Üæ!ÛÞßßÒnÜ Ù!ð~ÛGÒæ*ÜÝÞæÚßûÛê§ßnÒnÜ_Ú6æ!ÒÒÛänêxßâÖ]ßv×>Ù!êF×ÓIêFßÞvêúÙùÚ#Þæ1äÙ03
änÛGêÛÝÜÑŁÖ]ß,Ú#ÞÑnÒ/ßnð#×ßtÖ
á Ó]ð_ß,ÚÙ!ÞnÜÝÛ=×ÓIêFßtßð:Ó]ðÚ6æ!ÛðÜÊÖ1ßêá ßÒÚ6Ù×ßßnð%ÞÑÒ/æ!êåÙ!ðÜ±ê>á Ñë/Ó6Ù*ÜÝÛ=æ!ð|Ö1ßŁêFÙ¥Ö!Û õTÓ1ÒnÛÝæ!ðb3
ÙÖ!åCß×AÜÝÛÝæ!ðw×>æ*ÞÞ>ßÒÚæ!ð#ÖÙ!ð#Üß
+3Ù:×>æ*ð~ð#Ù!ÛGÒÒ/Ù!ð#×ßÕÖ1ß¶×ßÜ=Üß¥Òæ!êÓ6ÜÝÛÝæ!ð:ÚßnÞnÔ¹ß/Ü±Ú6Ù!Þ¶Ù!ð#Ù!êFæ>é!Ûß¶Ö1ßÕ×>Ù!êF×ÓIêFßnÞ¶êFÙâÚ#Þæ1äÙ1äÛGêÛÜÑdÖ1ßÞ>ß×>æ*ðÒ43
ÜÝÞÓIÛGÞ>ßÓIð_ß¶Ù!ÔŁÚ#êÛÝÜÝÓ6Ö1ßÕÖ1ß¶Ö!Û Ú.-!êxß
αrec
û×>æ*ÞÞ>ßÒÚæ!ð#ÖÙ!ð#ÜŁìÓIðwåAÞÙ!ÛÖ*ÛRÚ.-*êFßÕÖ
á Ù*ÔÚ_ê;ÛÝÜÝÓ6Ö]ß
α
Ò/æ!Ó1Òç30/ Ù×ßnð#Ü
ÖÙ!ðÒtêxßvêFæ*ÜÖ1ßÖæ!ð~ð_ÑßÒÑÜÝÓÖ!Û=Ñ
Äﬀ	[v óôG#ÃhmõÁﬀﬁﬂﬃ!QﬁeÛ£ﬃ21o&ﬃﬂf
¯-,/. >:43'6B):A@}1 5?ó<:\¶B·c5±µ\º}·9@}6B·MBÌ¸Ó@5#}571
ÕxR#U]"NGUÆhdebedgDLNÆlHVhfHVPQiLUDŁDLK\dg]<HVK>F<HVEcD`abgD'TH*Dt¥kTLdgDLU*KfYGDkYﬀdcN]>dgHVU
D
]/DkYGSt­UGdeKf»¬E)R#F>K>deFYGD
b½¾SjN)R#K>dgHVUpYGDu{;dgT Ç 
J(r) = −DO n(r) HVÈ J(r) D]>K4bgD}wQDTLK<DLNGFvYGDLU]>deK<SOYGDOTHVNGF/R#UKvTHVF>F<D]>EcHVUYR#UK
R#N[GdebqR#UmUDLKOYﬀNmUHVh"[GF<DBYGDxE)R#F>K>dgTLNGbgD]K>F/RwQDLF<]/R#U*KONGUD"]>NGFJRVTD-NGUGdeK<S-EcDLUYR#UK

]<DTHVUYGD`a)DLK
n(r)
bqR@YGDLU]>deK<SxU*NGhfSLF>dgjNDBYGDAE)R#F>K>dgTLNGbgD]n
OU TR#bgTLNGbYﬀdeF<DTLKŁYGD
J(r)
YR#U]kbgD%TRVYﬀF<DmY½ NGU hfHzYGiLbgDE)R#F>K>dgTLNGbedgDLFpEcHVNGFfbgDhfHVNGwQDLhfDLU*K¬YGD]
E)R#F>K>dgTLNGbgD]hkR#F<T<lDR#bgSR#K<HVdeF<D@HVNmbede[GF<DBE)R#F<THVNGF<]AhfH¼QDLUuEDLF>hfDLKAR#bgHVF<]AY½¾DtszEGF>dehfDLF
D
DLUHVUTLK>dgHVU
YGD]uYGHVUGUSD]OYﬀNmEGF<HV[GbgiLhfDk
c
a)bqR@w*deK<D]/]<Dk]>NGEGEcH`]<SD-THVU]>K/R#U*K<D}YGD]uE)R#F>K>dgTLNGbgD]ODLKuNGUD-bgHVUGP`NDLNGF
λ
F<DLEGF<S]<DLUK/R#U*K-bgD\E)RV]xYGD\bqRkhkR#F<T/lDkR#bgSR#K<HVdeF<DHVN¤bgD\bede[GF<D@E)R#F<THVNGF<]xhfH¼QDLU2YﬀN¤EGF<HzTD]<]>N]xR#bgSR#K<HVdeF<D`n
 UHV[GK>dgDLUKAR#bgHVF<]}bgD]F<DLbqR#K>dgHVU]uF<S]>NGhfSD]uYR#U]bgDAK/R#[GbgDR#N!]>NGdew`R#UK"
Ï!R#F<T/lD"R#bgSR#K<HVdeF<D Cde[GF<D-E)R#F<THVNGF<]}hfH¼QDLU

YﬀdehfDLU]>dgHVU
D = λ c/2 D = λ c
Ñ@YﬀdehfDLU]>dgHVU]
D = λ c/4 D = λ c/2
~
YﬀdehfDLU]>dgHVU]
D = λ c/6 D = λ c/3
9
ïÚ#Þ>ßÒÒÛ=æ!ðÒÖ!ÓY×æEß76 ×ÛßnðÜTÖ1ßÖ!Û õTÓ1ÒnÛÝæ*ð
D
ÖÙ!ð~ÒùêxßÒÖ!Û õŁÑnÞ>ßnðÜÒ×>Ù!Òßnð~åAÛGÒÙAé]ÑÒ
C½¾Sj*N)R#K>dgHVU¬YGDOTHVU]<DLF>w`R#K>dgHVUpbgH*TR#bgDYﬀNpUHVh"[GF<DAYGDOE)R#F>K>dgTLNGbgD]x ∂n(r,t)
∂t + ∇ ·J(r) = 0
THVUYﬀNGdeK
R#bgHVF<]u»\b½¾Sj*N)R#K>dgHVU%YGDAbqRYﬀdcN]>dgHVU¬l)R#[GdeK>NDLbebgDk
∂n(r, t)
∂t
− D4n(r, t) = 0  Ø n  
YGHVUKŁbqR2]/HVbeNGK>dgHVU[GdgDLUTHVUGUND!EHVNGF'NGUDdeUVI>DTLK>dgHVUDLU
r = 0
DLK
t = 0
arD]>KkYGHVUGUSD%E)R#FŁbqR
PR#N]<]>dgDLUGUDkòHVUTLK>dgHVUmYGD" F<DDLU%YﬀNEGF<HV[GbgiLhfDx
n (r, t) =
1
(4piD t)3/2
exp
(
− r
2
4D t
)

Ø
n§ÑQ
C½¾Sj*N)R#K>dgHVU¤
Ø
n§ÑQD]>KbqR-bedehdeK<DuTHVUK>deU*NDAYﬀNkEGF<HzTD]<]>N]oR#bgSR#K<HVdeF<D]<HVN]JeI<RVTDLUKnzÕxR#U]bgDOTRV]4Y½ NGUD
hkR#F<T<lDkR#bgSR#K<HVdeF<D'»ŁK>F<HVdg]-YﬀdehfDLU]>dgHVU]-YGD@E)RV]
λ
a]½¾DtDTLK>N)R#UKB»ŁwzdeK<D]<]<D@THVU]>K/R#U*K<D
c
acbgD@K<DLhE]-D]>K
YﬀdeF<DTLK<DLhfDLUKEGF<HVEHVF>K>dgHVUGUDLbR#NUHVhB[GF<DBYGD"E)RV]
N
YGDxbqRfhkR#F<T<lDŁ
t = Nλ/c
a)DLK
D
D]<KuYGHVUGUS"E)R#F
WÀÄ

ﬃ21o&ﬃﬂfXﬁkõﬃ;NÜG#ÃQﬂ&#si2ﬂ%Ügf Äﬀ	)¿
D = λc/6
Tt£K/R#[GbgDR#Ntn  UmEDLNGK}YGHVUTxF<SSTLF>deF<D'
Ø
n§ÑQvTHVhhfDk
p (r, N) =
(
2piNλ2
3
)−3/2
exp
(
− 3r
2
2Nλ2
)
.

Ø
n
~

jNGdYGHVUGUDubqRBYGDLU]>deK<SYGD}EGF<HV[)R#[GdebedeK<SxYGD}EGF<S]/DLUTDY½ NGUDOE)R#F>K>dgTLNGbgDdeUVIJDTLK<SDDLU
r = 0
DLK
t = 0
R#EGF<i]
N
E)RV]n)rDLK>K<D-Yﬀdg]<K>F>de[GNGK>dgHVU%D]>K}YGHVUTxPR#N]/]>dgDLUGUDk»\P`F/R#UY
N
taGY½¾STR#F>KuKÞ¼*EcD
σ =
√
Nλ2
3
n  UEcDLNGK
UHVK<DLFj*NDBTD"F<S]>NGbeK/R#KAEDLNGKASLPR#bgDLhfDLUKx]½¾HV[GK<DLUGdeF-»fE)R#F>K>deFAYﬀN!K>lSHVF<iLhfD@TDLUK>F/R#b£bedehdeK<D`acDLUmUHVK/R#U*K
jNDrb½¾STR#F>K7K¼zEcDrYGDrbqRAYﬀdg]>K>F>de[GNGK>dgHVUfYGD]7YGSLEGbqRVTDLhfDLU*K<]4]>NGdew`R#UK7bgD]RsGD]
x
a
y
DLK
z
R#EGF<i]£NGUE)RV]£w`R#NGK
< (ri)
2
x >=< (ri)
2
y >=< (ri)
2
z >= λ
2
∫
u2x , y ,z p(u) dΩ =
λ2
3

Ø
n *
HVÈ
p(u)
D]>KobqR-YGDLU]>deK<SYGDuEGF<HV[)R#[GdebedeK<SAY½¾DtDTLK>NDLFoNGUŁE)RV]rYR#U]4bqRBYﬀdeF<DTLK>dgHVU
u
a*j*NGd)w`R#NGK
1/4pi
YR#U]
bgDxTRV]lHVhfHVPQiLUD"DLK}dg]/HVK>F<HVED`n
Äﬀ	ú óôG#ÃhmõÁﬀﬁﬂﬃ!QﬁeÛ£ﬃ21o&ﬃﬂf
óôGÃ_h%õÁﬀﬁﬂﬃ¤ﬃﬂﬁ#ﬂ%Ü
8
@©$ﬀ³µ´O@$)§ °ª¢¬¡ﬀ«À³"J$¢¤¡§.|¨ªO$³¿$¢¬«À¢¤¡§6|¨ª§¶$ ·6°
r
± ©$.¨$³¿ª¡¢É ·©«À.¢¬¿	 n¡§°|
r = 0
·¡
t = 0
Á³µØ³¿¡^·Æ n¡©§
N
¨$³@ﬀJ|«À@$²@©©ª
λ
©¢¬´Å³@O¡ﬀ©u¨ªJ ·¶©$^J|¯³¿ªU UÇ.³¿«À§³Å¡@¢Àª3ë
p (r, N) =
(
2piNλ2
3
)−3/2
exp
(
− 3r
2
2Nλ2
)
.
æ:9$½ »Oé
8
@©$V¨g@©$´@@L§°²O³@«¬¯"°¡' °³¿«É ·©$«¬ª>«É³|J¢É	¡ª¢À©J¡¢¬OJﬀ«À³.J¢É¡³¿ ·¹6«F± @ª¢À²@¢À@Á¿@¢¬¡'«À³6Oª¯"ﬀJ
r
Á@
@¯"¯³¿¡L©ªL¡@©$>«ÀV³¿$²@«À>«À³6J¢É	¡ª¢À©J¡¢¬O
p (r, t)
½
Í
³6J°$¢¬¡§ﬀJ^¨ª@$³@¢¬«À¢¬¡§)¨O©ª'È©
r
³¿¨¨³¿ª¡¢À°
¹
[r , r + dr ]
¡J@$ .JO§|¨$³¿ª.ë
p (r, t) = 4pir2
(
2piNλ2
3
)−3/2
exp
(
− 3r
2
2Nλ2
)
.
æ:9$½ 9é
Ó<·¡¡6§ °ª¢¬¡©ª+°ªU³|©J¡¢¬«À6¨O©ª<$¿¡ª§°¡©$6J¶^³¿¢É@¡ª@¨¢À'«¬OªÈ©± ¢À«°± ³¿²O¢¬ªU³|J. °³¿«É ·©$«¬ª«É³B¢¬²O¢¬¥ °³¿¡¢¬¸
´_¢¤¡§|	¡U³Å¡¢É¡¢ÉÈO©$.|«À³B´Å³¿«À°©ªﬀª °@$¡ª©¢¬¡.± ©$u¢¬¨g×@«À|³µ´@ +@¡ª+¯"§·¡ÇJJ@½
8
@©^¨O©´@O$)§°²O³@«¬¯"°¡
ª°¯³¿ªUÈ©°ª)æ³@$>«À³6§ª¢À^JL³¿³¿«À@²@¢À!; éÈO©$^ °·¡¡<£@$ ·¡¢À@B^¢À¡ª¢¬$©J¡¢À@B¡>¡@©J¡L¨O¢¬¡'¢¬¯"¢À«À³@¢¬ª
¹X«É³.£O$ n¡¢¬OJª§°¨³¿ª¡¢¬¡¢À@zJ©z¯"JJ©«À+«É³X´_¢¤¡+J<¯"@«À§ ·©$«¬¶³@$«É³|¡Ç§°Oª¢À °¢¬§°¡¢ÉÈ©+J¶²³<O½
Í
³3ª°¨ª§°¡U³Å¡¢À@}²@ªU³¿¨Ç$¢ÀÈ©.JX ·¶)£@$ ·¡¢À@$^¶	¡@§|¹¡¢¤¡ªX± °¦_¯"¨«¬X©ªﬀ«É³B¥$²@©ª| ·¢¬¸4O©$°½
Distance / Libre parcours moyen
-15 -10 -5 0 5 10 15
Pr
ob
ab
ili
te
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0.18
0.2
0.22 N= 10 pas
N= 25 pas
N= 50 pas
Distance / Libre parcours moyen
0 2 4 6 8 10 12 14 16 18 20
Pr
ob
ab
ili
te
0
0.05
0.1
0.15
0.2
0.25
0.3 N= 10 pas
N= 25 pas
N= 50 pas
=
â?>A@ànä°âB$á?CÅá7D:EBbßOâGFHC}ß@âBä4Dçá`àBßOâI>.@JELKMCLKDNFODçá`à"ß@âP>A@à·ä°âQBãâRCS>.@JT·äVUWBâYXZC@ãM[âRCU\[]CµäC@ßß@â
N
>]Cµä^>]EUW@
N = 10 _ N = 25
â°á
N = 50 `ba
C5cedLUW@âßOâfdgCU$ãM[â@â?>A@ànä°âB$á`âYFHC ßDÉäná7@4D:KQUJá7D:EBxßih UWBgâ3ß@â·äãMEX5>jEÅäQCB$á`ânä
ß@âFHCV>jEÅä4Dçá2D:EBkCFHE@UämlU$âGFHC5cedLUW@âßOâ"ß@JEDçá4âm@â?>A@à·ä°âQBá4âmFHCßDÉäná2@4D:KUJá2D:EBZßUnXoE¶ßUWF¬â3ßUnpÅâUã·á`âUW@>]Eµä4Dçá7D:EB
r `ia
h CDN@â|äEU_äqF¬â·äXãSEUW@KUânäV@â·äUá`âXàrdgCF¬âRsut
_
CFHE@UämlU$âYFHC5vQEBã·á7D:EBeäWh à°á?CF¬âGpµâ@UäYF¬ânä$dL@JCBß@â·ä|ßDÉäUá?CBãUânä
_
F¬â
XZEßUWF¬â3ß@âmFHC}ßDÉänárCBgãUâGFwCq>AF0U_ä*>.@JELKMCKQF¬âä°âXäMDçá7U]CBá^s}âQBxpyDN@JEB
λ
√
N `
WÀwv

ﬃ21o&ﬃﬂfXﬁfÛÃ`ﬁﬃﬂf­ﬀi2G#ÃhmõÁ*ﬀﬁﬂﬃyfﬂf ﬃﬂ)ﬁﬂÜ Äﬀ		
¯-,¯® >×:43'6B):\@u1 5?Ìº}³C{}579G?:\@}1{z¸¹º·9c²\5±ºXó<¶7º ?[@u:>·5±1@}1 :ABb@ ?)·m@µŁ5
CD]7F<S]>NGbeK/R#K<]oTLdYGD]<]>N]HVU*KoSLK<SHV[GK<DLU*N]oYR#U]7bgDuTRV]Y½ NGUD}YﬀdcN]>dgHVUflHVhfHVPQiLUD`aTHVF>F<D]<EHVUYR#U*K
»ŁNGUªEGF<H*TD]<]<N]-YGD@hkR#F<T<lDkR#bgSR#K<HVdeF<D!HVN2YGDCÉÏªxR#NTHVNGF<]-YﬀNj*NDLb7bqR¬YﬀdeF<DTLK>dgHVUYGD]-E)R#F>K>dgTLNGbgD]
T<l)R#UGPQDYGDrhkR#UGdgiLF<Drdg]<HVK>F<HVED`nQ¡*dR#EGF<i]7T<l)RVj*NDvdeUK<DLF/RVTLK>dgHVU'YGDobqRuE)R#F>K>dgTLNGbgD`aVbqROUHVNGwQDLbebgDYﬀdeF<DTLK>dgHVUfD]>K
Yﬀdg]>K>F>de[GNSD-]>NGdew`R#UKONGUDxbgHVdYGDxEGF<HV[)R#[GdebedeK<S"UHVUmNGUGdHVF>hfD-]>NGF}bqR]<EGliLF<D`aGb½¾SjN)R#K>dgHVU!YGDxbqRYﬀdcN]>dgHVU
THVF>F<D]>EHVUYR#U*K»@TDxEGF<HzTD]<]>N]D]<KhfH*Yﬀd­)SD`n
ÕxR#U]AbgDTRVYﬀF<DYGD@b½§R#U)R#bgHVP`dgDfSLwQH*j*NSD@TLdYGD]<]>N]acdeb7D]>KxdeU*K<SLF<D]<]/R#U*K"YGDTHVU]>dgYGSLF<DLFxbgDTRV]xHVÈªbqR
YGDLU]>deK<SAYGDOEGF<HV[)R#[GdebedeK<S-EHVNGFvbqRBE)R#F>K>dgTLNGbgDxY½§RwQHVdeFu]ÎR"YﬀdeF<DTLK>dgHVUmTDLU*K>F<SD-R#NGK<HVNGF}YGD
u
YR#U]vNGUR#UGP`bgD
]<HVbedgYGD
dΩ
D]>KOYGHVUGUSDxE)R#F"
p(u) =
1 + αd · u
4pi

Ø
n¤÷`
HVÈ
d
D]>KANGUªwQDTLK<DLNGF-NGUGdeK/R#deF<D@­GsR#UK"NGUDYﬀdeF<DTLK>dgHVUEGF>dewzdebgSLP`dgSDEHVNGFxbqRpYﬀdcN]>dgHVUnCRŁEGF<HV[)R#[GdebedeK<S
Y½§RwQHVdeFfNGUD¬YﬀdeF<DTLK>dgHVU
u
D]>KYGHVUT¬hfH*YﬀNGbgSDpE)R#FNGUXK<DLF>hfD¬DLUËTH`]<deUN]fYGDpb½§R#UGP`bgD¬DLU*K>F<D
u
DLK
d
a
YGHVUK\b½§R#hEGbedeK>NYGDŁD]<KBYGHVUGUSD'E)R#F"bqRTHVU]<K/R#UK<D
α
}THVhEGF>dg]<DŁDLUK>F<D¬_DLK

tn

UÆF<DTHVUGU)R#deK\]/HVN]
TDLK>K<DuHVF>hfDbgD]rEGF<DLhdgDLF<]vK<DLF>hfD]-hfHVUHVEÚVbgD?ÌYﬀdeEÚVbgDoY½ NGU¬YGSLwQDLbgHVEGEcDLhfDLUKu]>NGFvbgD]rl)R#F>hfHVUGdgj*ND]
]>EGlSLF>dgjND]uYGD-TDxjNGd]/DLF/R@bqR@Yﬀdg]>K>F>de[GNGK>dgHVU!R#UGP`NGbqR#deF<DBYGD]F/R¼QHVU]OTH`]>hdgj*ND]E)R#F}bqR]>NGdeK<D`n
CR@YGDLU]>deK<SAYGDxTHVNGF/R#UK
Jz
azTHVF>F<D]<EHVUYR#U*KOR#N¬[GdebqR#U¬UDLKYGD]E)R#F>K>dgTLNGbgD]K>F/RwQDLF<]ÎR#UK}NGUDx]>NGFJRVTD
SLbgSLhfDLUK/R#deF<D-EcDLF>EcDLUYﬀdgTLNGbqR#deF<DB»\b½§RsGD
Oz
EcDLUYR#UKONGUDx]<DTHVUYGDxEcDLNGKu]½¾STLF>deF<D"R#N¬EGF<DLhdgDLFHVF<YﬀF<Df
Jz =
1
4pi τ
∫ θ=pi/2
θ=0
∫ ϕ=2pi
ϕ=0
dϕ cos θ sin θdθ
∫ λ
0
d` [1 + αd · u(θ, ϕ)]
(
−2`u(θ, ϕ) · −→∇n(r)
)

Ø
n§¦Q
HVÈ
θ
a
ϕ
YGS]>deP`UDLUK}bgD]uTH*HVF<YGHVUGUSD]]>EGlSLF>dgj*ND]}Y½§RsﬀD
Oz
n
|7UmDtDTLK>N)R#UKOb½ deUK<SLP`F/R#K>dgHVUabqRwVR#bgDLNGFuYGD
Jz
]½¾DtszEGF>dehfD-]/HVN]bqR\HVF>hfD
Jz = −1
6
λ c
∂n
∂z
+
1
3
α c dz n(r)

Ø
n§^Q
HVÈ
dz
D]>KvbqR@THVhEH`]ÎR#UK<D-YﬀN¬wQDTLK<DLNGF
d
]>NGFvb½§RsﬀDxYGD]vÔQnGCDAhfyLhfDxTR#bgTLNGbEDLNGKyLK>F<DAhfDLUSAEcHVNGFbgD]
R#NGK>F<D]}THVhEH`]ÎR#UK<D]YGD
J
TD-j*NGdEcDLF>hfDLKuY½¾HV[GK<DLUGdeFubqR\F<DLbqR#K>dgHVUÆ
J = −D−→∇n(r) + 1
3
α cn(r)d

Ø
n

_Q
YR#U]BbqRVj*NDLbebgD
v = 13 α cn(r)d
a£jNGdv]½ dgYGDLU*K>d­)D»mNGUDª÷twzdeK<D]<]<DŁY½§RVYﬀwQDTLK>dgHVU÷Va7THVF>F<D]>EcHVUYR#UK'R#N
Äﬀ	%W óôG#ÃhmõÁﬀﬁﬂﬃ!QﬁeÛ£ﬃ21o&ﬃﬂf
hfHVNGwQDLhfDLUKYGD-YGSLF>dewQDxP`bgHV[)R#bgD-j*NGdD]>K}dehEcH`]<S-R#NﬀspE)R#F>K>dgTLNGbgD]n
|7U!DtcDLKaF<DLhEGbqRVWR#UKAb½¾DtsﬀEGF<D]<]>dgHVU¤YGD
J
YR#U]Ob½¾SjN)R#K>dgHVU¤YGDBTHVU]/DLF>wVR#K>dgHVU¤YﬀNmUHVhB[GF<D\YGD"E)R#FJ
K>dgTLNGbgD]aGb½¾Sj*N)R#K>dgHVUmYGDAbqRYﬀdcN]>dgHVUVRVYﬀwQDTLK>dgHVU%]½¾STLF>deK"
∂n(r, t)
∂t
− D4n(r, t) + v · −→∇n(r, t) = 0  Ø n ` 
CRŁ]<HVbeNGK>dgHVUªYGDBb½¾SjN)R#K>dgHVU2YGD\YﬀdN]<dgHVUªRwQDTfRVYﬀwQDTLK>dgHVU¤EHVNGFANGUD\deUVIJDTLK>dgHVUªYGD]E)R#F>K>dgTLNGbgD]-DLU
r = 0
DLK
t = 0
D]>K}YGHVUGUSD-E)R#F}bqR\PR#N]<]>dgDLUGUDf
n (r, t) =
1
(4piD t)3/2
exp
(
−(r− v t)
2
4D t
)

Ø
n

ÑQ
R#dg]ÎR#UK"R#EGE)R#F/ROgK>F<DkDtsﬀEGbedgTLdeK<DLhfDLUKBbgD@hfHVNGwQDLhfDLUK@Y½¾DLU]<DLh"[GbgD'»Łw*deK<D]<]/D
v
YGD]xE)R#F>K>dgTLNGbgD]aRwQDTbqR
hfyLhfD-Yﬀdg]>EcDLF<]>dgHVUj*NDxYR#U]}bgDxTRV]dg]<HVK>F<HVEcD`n
|7USTLF>dew`R#UK}THVhhfDAEGF<STSYGDLhhfDLU*Kub½¾Sj*N)R#K>dgHVUmTLdYGD]<]>N]]<HVN]]ÎR-HVF>hfDADtszEGF>dehfSD"DLU'HVUTLK>dgHVU
YGD]}j*N)R#UK>deK<S]uYGD-bqR\hkR#F<T<lDBR#bgSR#K<HVdeF<D
n
DLK
λ
aﬀbqRYGDLU]<deK<S-YGDAEGF<HV[)R#[GdebedeK<SBYGDAEGF<S]/DLUTD"R#EGF<i]
N
E)RV]
D]>K}YGHVUGUSDxE)R#F"
p (r, N) =
(
2piNλ2
3
)−3/2
exp
(
−3 (r−Nαd/3)
2
2Nλ2
)
.

Ø
n

~

jNGdD]<K}YGHVUTxNGUDxPR#N]<]>dgDLUGUD"TDLUK>F<SD"]<NGF
Nαd/3
aY½¾STR#F>KuKÞ¼*EcD
σ =
√
Nλ2
3
n
CD}THzDt¥kTLdgDLUK
α
j*NDUHVN]4RwQHVU]deUK>F<HzYﬀNGdeKoYR#U]4b½¾DtszEGF<D]/]>dgHVUkYGDvbqRxYGDLU]>deK<SuYGDvEGF<HV[)R#[GdebedeK<S
p(u)
THVF>F<D]>EcHVUYﬀF/RÆR#bgHVF<]¬YﬀdeF<DTLK<DLhfDLU*K%»Åb½§R#hEGbedeK>NYGDªYﬀNYﬀdeEÚVbgD!hfHzYﬀNGbqR#UK¬bqRÆYﬀdg]>K>F>de[GNGK>dgHVU¨R#UGP`NGbqR#deF<D
YGD]
a
r]a7DLKbgD¬wQDTLK<DLNGF
d
deUYﬀdgjNDLF/R]/R¤YﬀdeF<DTLK>dgHVUn4C4½¾SjN)R#K>dgHVU
Ø
n

~
EDLF>hfDLK>K>F/RªYGDmjN)R#U*K>d­)DLFkbqR
Yﬀdg]>EcDLF<]>dgHVUkK>lSHVF>dgj*ND]oYGD]ow`R#bgDLNGF<]F<DTHVU]>K>F>NGdeK<D]vYGD]oE)R#F/R#hfiLK>F<D]rYﬀNŁYﬀdeEÚVbgD`abgHVF<]oYGDub½§R#U)R#be¼z]/DuY½ NGU
bgHVK}YGD-YGHVUGUSD]uTHVU*K<DLU)R#UK
N
YﬀdeF<DTLK>dgHVU]OY½§R#F>F>dewQSD]n
! "
#$	%& |
} À
( ÇÓ ¾|ÆÈÁ5Íﬁ(lÆ5ÉÊÇÓ ﬀÏÀ¾ Ä É¾fÇÅÆÈÁ5Ç+*¿ÉÊÀ¾ ~
ÎÁ Ä+ﬁﬀÏÀ ﬂÒ( 'ÏÀ
gÊÀ ÄÃ ÀÒ( Ä Ô ﬂ Æ'ÏÇ ﬀÏÀ  Ì Ë
ÐÑÒnÓ]ÔÕÑÖ!ÓY×nØ6ÙÚ#ÛÝÜÝÞß¶à
+3ÙdÔÕÑÜØIæAÖ]ßC;6èçÚ~ßnÞÔÕßÜûTìâÚ6Ù!ÞÜÝÛGÞ¥Ö
á Ó]ðfêFæ*ÜTÖ1ß¥Öæ!ð~ðuÑ>ßÒ×>æ*ðÜßnð#Ù!ð#Ü êFÙ:Ö!ÛÞß>×/ÜÝÛÝæ*ð5Ö
á Ù!ÞÞnÛåCÑ>ß¶Ö1ßnÒ
Þ'Ù0/æ!ð~Òd×>æCÒÔ¥Û=ëÓ~ßÒ¹ÒÓIÞ¹êFÙ|ÒÚØ6ßÞß:×ÑnêFßnÒnÜßûvÖ
á ßÒnÜÝÛÔÕßnÞ¹ê>á Ù!ÔŁÚ#êÛÝÜÝÓ6Ö1ß%ßÜŁêFÙ Ö!ÛGÞ>ß×/ÜÝÛ=æ!ð Ö
á ÓIð_ß%ÑnåCßnðÜÝÓ~ßnêêFß
Ù!ð~ÛGÒæ*ÜÝÞæÚ#Ûß¶Ö!Û Ú6æ!êFÙ!ÛÞßÕæ!ÓwëÓ6Ù1Ö!ÞÓEÚ6æ!êFÙ!ÛÞßtÚ#Þ>ÑÒAßnðÜß¹Ö1Ù!ðÒ¥×ßÒÕÖæ!ð~ð_ÑßÒ
9
êêFßâé1Ñnð_ÑnÞÙ!êÛhÒAß¶êFÙÚ#ÞæA×Ñ>Ö!Ó]Þ>ß
Ö
á Ù*ð#Ù!ê /ÒAß¥Ö1ßvÐTÙ2/CêxßnÛFéCØ|Ø6Ù1änÛÝÜÝÓßnêêxßnÔÕßnðÜTÓ6ÜÝÛGêÛGÒ/Ñ>ßûëÓIÛð_ßÚßnÞnÔÕßÜWÚ6ÙCÒ¹Ö1ßÞ>ßnÔ¹æ!ðÜßÞ¥Ö!ÛÞ>ß×/ÜßnÔÕßnðÜ{Ù!Ó*ï
Ú6Ù!ÞÙ!ÔÕßÜÝÞßnÒùÖ1ßŁê>á Ù*ð~ÛhÒ/æ*ÜÝÞæÚ#Ûßu-Ù!ÔŁÚ#êÛÜÝÓÖ1ßtßÜÊÖ!ÛÞß×AÜÝÛÝæ!ð`!+
ÙÔ¹Ñ/ÜØIæAÖ1ß¢;èçÒá ÙÚÚ#êÛ=ëÓßùÖ1Ù!ðÒêxßù×>ÙCÒ{æ08
êFßÖ1ÑÜß>×/ÜßnÓIÞ¶×æ!ðÒÛ=Ö1ÑnÞ>ÑÚ6æCÒÒ/ßÖ]ßÓ]ðuß×æ!Ó]å!ßnÞnÜÝÓIÞ>ß¹Üæ*ÜÙ*êFß¥æ!Ó¶Ú6Ù!ÞÜÝÛ=ßnêêxß¥Ö!ÓY×Ûßnê;û,ÒÙ!ð~Ò6ÜÝÞßÚæ!Ó]Þ¥Ù!Ó6ÜÙ!ðÜ
Ó]ð~Û ñ/æ!ÞÔÕß
+3Ù:×>ÙnÚ6Ù×ÛÝÜÑ¹Ö!Ó Ö1ÑÜß>×/ÜßnÓIÞÕìÔ¹ßnÒÓIÞßnÞ¥ÓIð_ß¥Ù!ð~ÛGÒæÜÝÞ'æÚ_Û=ßÚ_ÞÑ×/ÛhÒAÑnÔÕßnðÜÙ!åCß>×¹êFÙÔÕÑÜØIæAÖ1ßŁÚßnÓ6Ü¢6ÜÝÞ>ß
×>Ù!ÞÙ×/ÜÑnÞnÛhÒAÑ>ßtÚ6Ù!ÞÓ]ðfÒAßnÓIê±ð_æ!ÔÕänÞßnûêFÙâÚ#ÓIÛhÒÒÙ!ð#×ß¹Ö1ßÞ>ß×>æ*ðÒnÜÝÞnÓ6×AÜÝÛÝæ!ð~ûŁëÓ]ÛTÖ1ÑÚ~ßnð#Ö|Ö]ßêúÙ{ñ/æ!ÞnÔÕß¶Ö1ßêFÙ
ñæ!ð_×/ÜÝÛÝæ*ðNÖ
á ßïÚ6æ!ÒÛÝÜÝÛÝæ!ðwÖ!ÓNÖ1ÑÜß×/ÜßÓ]Þ¹ßnð ëÓßnÒnÜÝÛ=æ!ð
7âÙ*ðÒâêxß¶×>ÙCÒ¹Ö
á Ó]ð_ß¥×æ!Ó]å!ßnÞnÜÝÓIÞ>ßvÚ6Ù!ÞÜÝÛ=ßnêêxßûêFÙÚ#ÓIÛGÒÒÙ*ð#×ß¶Ö1ß¥Þß×æ!ðÒnÜÝÞnÓ×/ÜÝÛÝæ*ðþÖ!Ó Ö!Û Ú.-!êxß¹Ö1Ñ7Úßnð#ÖYÖ1ß
êá Ø^/Ú6æ*ÜØ6ßnÒ/ßëÓßvê>á æ!ðâñÙ!ÛÝÜÊÒnÓ]ÞùêFÙÕÖ!ÛGÒnÜÝÞnÛ=äÓIÜÝÛ=æ!ðYÙ!ðIé!Ó]êFÙ!ÛÞß¥à3êúÙùÚ#ÓIÛhÒÒÙ!ð#×ßâÖ1ßvÞ>ß×>æ!ðÒÜÝÞÓ×/ÜÝÛ=æ!ðwÖ!ÓaÖ!Û Ú.-!êxß
Ö!ÛGÔ¥Ûð~Ó~ßêúæ*ÞÒ/ëÓß¹ê>á æ!ð Ù!ÓIÜæ*ÞÛGÒ/ß¶êúÙ¥Ú#ÞÑnÒ/ßnð#×ßdÖ]ß¥Ô¹æAÖ1ßÒ{Ú#êÓ]Ò¹ÑnêxßnåCÑnÒûŁ×>æ!Ô¥ÔÕß¥êxß¹ë/Ó6ÙÖ*ÞÛ Ú.-!êxßû{ÖÙ*ðÒêFÙ
Ö!ÛhÒÜÝÞÛänÓ6ÜÝÛÝæ*ðfÙ!ðIé!Ó]êFÙ!ÛÞß
+
ßâ×>Ù!êF×Ó]ê
Ö]ßùêFÙ¥ÒÛFé!ð~Û . ×>Ù*ð#×ßÖ1ßÒvÙ!ÔŁÚ#ê;ÛÝÜÝÓÖ1ßÒvÖ
á Ù*ð~ÛhÒ/æ*ÜÝÞæÚ#ÛßÒŁÞ>ß×>æ!ð~ÒnÜÝÞnÓ]ÛÝÜßÒÚ6Ù!ÞùêFÙ¥ÔÕÑÜØIæAÖ]ß;6èŁç
ÚßnÞnÔ¹ß/ÜÖ1ßÜßÒÜßnÞß76 ×Ù×ßnÔÕßnðÜê>á Ø^/Ú6æ*ÜØ6ßÒAßÖ
á ÛGÒæÜÝÞ'æÚ_Û=ßÖ1ßvêúÙ%Ö!ÛGÒnÜÝÞnÛänÓIÜÝÛ=æ!ð Ù!ð]é!ÓIêFÙ!ÛGÞ>ß
Äﬀ	%c
ï
ÃQﬂ>fﬁV&Ã`ﬁﬃﬂfÛ;kfﬃﬂ)ﬁﬂÜ;ﬃd²ª(f<Û;mÁÃ_h*õõ%Ã%õòiÁQﬁ@hﬂVÛ
Ú
$' 
³,/. ò 579@}1B?)·c6B9?:\@u1 ³Zõ6B1 ³\:>µ%ó<5 º{}579´9@}6{}5£·[?6B·5 ?[@ ?ºXó<5 5? 6\1B:`Þ
Ó@·c¸¹5±³\6´9;:<5ﬀó
CRmYﬀdg]>K>F>de[GNGK>dgHVUËR#UGP`NGbqR#deF<D'YﬀNNﬀsÅYGDfF/R¼QHVU]\TH`]<hdgjND]\D]>KB]<NGEGEH`]<SD`aYR#U]BTDLK>K<D'EGF<DLhdgiLF<D
R#EGEGF<H*T/lD`ayLK>F<D-STLF>deK<D-]/HVN]bqR\HVF>hfD
Φ(u) =
Φ0
4pi
(1 + αD · u), 	÷zn  
HVÈbgDANﬀsYﬀdSLF<DLUK>dgDLba
Φ
a)YR#U]}bqRYﬀdeF<DTLK>dgHVU
u
aTHVU]<dg]>K<D-DLUNGUDxE)R#F>K>dgD"dg]<HVK>F<HVEcD`a
Φ0/4pi
ahfHzYﬀNGbgSD
DLU
cos(û,D)
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σα
j*ND@UHVN]BRwQHVU]"HV[GK<DLUND`aUHVN]xEcHVNGwQHVU]BR#bgHVF<]
EGF<SYﬀdeF<D¬bqR¤w`R#bgDLNGFfK>lSHVF>dgj*NDYGD
Kα
YR#U]fbgDTRV]bgD¬EGbeN]']>dehEGbgDHVÈXbqRªTHVNGwQDLF>K>NGF<D%D]>KK<HVK/R#bgDmDLK
NGUGdHVF>hfDk
(Kα)E=1 =
1
σα
√
N
=
1√
3
≈ 0.58 	÷zn ~ *
rDLK>K<D"w`R#bgDLNGFOD]<KOYGHVUTBK<HVNGK»fR#deKDLU!RVTTHVF<Y¤RwQDT\TDLbebgDBHV[GK<DLU*ND\DLU!]>deh"NGbeK/R#K>dgHVU¤U*NGhfSLF>dgjN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]
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]/DLF>wVR#K<HVdeF<DÉ7dgDLF>F<DkMuNﬀ
PQDLF-GbqRB­P`NGF<D'	÷zn
Ø
vhfHVUK>F<D"TLbqR#deF<DLhfDLU*KOj*NDxbqR\EGNGdg]<]/R#UTD"YGDxF<DTHVU]>K>F>NTLK>dgHVU%D]<KdeUYGSLEDLUYR#U*K<DBYGD
b½¾HVF>dgDLUK/R#K>dgHVUpYﬀNkYﬀdeEcÚVbgD}DLKEGF/R#K>dgj*NDLhfDLUKvSLPR#bgDu»AbqRAw`R#bgDLNGFK>lSHVF>dgj*ND
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nC½¾Sj*N)R#K>dgHVU!	÷zn
~
ÑQ7F<D]>K<D
YGHVUTuNGUDODtsﬀTDLbebgDLU*K<DxR#EGEGF<HsﬀdehkR#K>dgHVU¬EHVNGFoNGUD}HVUTLK>dgHVUŁY½¾DtsﬀEcH`]>deK>dgHVUŁYGHVU*KobgD]ow`R#F>dqR#K>dgHVU]r]/HVUKrEDLN
dehEHVF>K/R#U*K<D]o]<NGFbqRA]>EGliLF<D`aQK/R#U*Koj*NDvbqRxTHVNGwQDLF>K>NGF<DOF<D]>K<DK<HVK/R#bgD`nCD}TRV]4Y½ NGUD}THVNGwQDLF>K>NGF<DOE)R#F>K>dgDLbebgD
U½§R}E)RV]£SLK<SrSLK>NYﬀdgSR#U)R#be¼*K>dgj*NDLhfDLUK7YﬀNGF/R#UKTDoK>F/Rw`R#debGYGD4K>li]/D`aTDLEcDLUYR#UKa#bqRuwVR#bedgYﬀdeK<SvYGD];F<S]>NGbeK/R#K<]
YGSLhfHVUK>F<S]-YR#U]bgD@TRV]AYﬀN¤hfH*YGiLbgD@]>dehEGbedg]>K<D@YGD\THVNGwQDLF>K>NGF<D@K<HVK/R#bgD@NGUGdHVF>hfD\EcDLNGKyLK>F<D@DLU¤E)R#F>K>dgD
SLK<DLUYﬀND"R#NmTRV]EGbeN]uTHVhEGbgDtsﬀD-HVÈ E(u) U½¾D]>KEGbeN]OTHVU]>K/R#UKn
rHVhhfDrbgD4hfHVU*K>F<DLUK7bgD]­P`NGF<D]÷zn§ÑODLKﬀ÷zn
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a#hfyLhfDrYR#U]£bgDoTRV]£Y½ NGUDrTHVNGwQDLF>K>NGF<DvE)R#F>K>dgDLbebgDrDLK;UHVU
NGUGdHVF>hfD`abqRxYﬀdg]>K>F>de[GNGK>dgHVUpYGDb½§R#hEGbedeK>NYGDYﬀNkYﬀdeEÚVbgDuF<DTHVU]>K>F>NGdeK4F<D]<K<D`a*»AP`F/R#UY
N
a`NGUDPR#N]/]>dgDLUGUD
TDLUK>F<SD!]>NGFŁbqRªwzF/R#dgDmw`R#bgDLNGF'YﬀN«YﬀdeEÚVbgD%DLKŁYGHVU*K'b½¾STR#F>KŁK¼zEcD%YﬀdehdeU*ND!DLU
1/
√
N
n4CRwVR#bgDLNGFpYGD
bqRpEGNGdg]<]/R#UTD'YGDF<DTHVU]>K>F>NTLK>dgHVUZDLKB]/RYGSLEDLUYR#UTDŁRwQDT'b½¾HVF>dgDLUK/R#K>dgHVUZYﬀNÅYﬀdeEcÚVbgDk]<HVU*K"TDLEDLUYR#U*K
YﬀdcSLF<DLU*K<D]kEcHVNGFkT/l)RVjNDHVUTLK>dgHVUY½¾DtszEcH`]>deK>dgHVUnC½¾SLK>NYGD!YGD¬bqR¤EGF<STLdg]<dgHVUYGD¬F<DTHVU]>K>F>NTLK>dgHVU«D]>K
YGHVUTF<SR#bedg]<SDx»-E)R#F>K>deFYGD]]>dehBNGbqR#K>dgHVU]aGDLKvR#EGEGNG¼QSDxTHVUTDLEGK>NDLbebgDLhfDLU*KuE)R#FrbgD]TR#bgTLNGbg]}R#U)R#be¼*K>dgj*ND]
EGF<S]<DLUK<S]udgTLdhfyLhfD`n
CRAF<DTHVU]<K>F>NTLK>dgHVUpR#UGP`NGbqR#deF<DYﬀNkYﬀdeEcÚVbgDuD]>K4TR#F/RVTLK<SLF>dg]/SD}E)R#F4bqR-Yﬀdg]>EDLF<]<dgHVUkYGD]4Yﬀdg]>K>F>de[GNGK>dgHVU]vYGD
b½§R#UGP`bgD
γ
aﬀEGF<HwQDLU)R#UKAYGD-TDLbebgD]}YGD
θrec
DLK
ϕrec
n
CRYﬀdg]<K>F>de[GNGK>dgHVUmYGDxb½§R#UGP`bgD
γ
]½¾HV[GK>dgDLUKODLUmdeUK<SLP`F/R#UKOb½¾SjN)R#K>dgHVUZ	÷zn
~
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v]>NGF
αrec

p (γ,N) = 2pi
(
6pi
N
)−3/2 ∫ ∞
0
dαrec α
2
rec sin γ exp
(
−N
6
[
α2 + α2rec − 2ααrec cos γ
])
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HVÈ UHVN]pRwQHVU]ŁYGSLwQDLbgHVEGES%bgDEGF<HzYﬀNGdeK']<TR#bqR#deF<D!YR#U]'b½§R#F>P`NGhfDLUK¬YGDb½¾DtsﬀEHVUDLU*K>dgDLbebgD`nvCHVF<]<j*NDbgD
UHVh"[GF<D"Y½¾SLwQSLUDLhfDLU*K<]OD]<K}P`F/R#UYa
N  3/α taDLK}THVhEGK<D-K<DLUN%YGD]OR#EGEGF<HsﬀdehkR#K>dgHVU] sin γ ≈ γ DLK
cos γ ≈ 1− γ2/2 aGbqR@EGF<HV[)R#[GdebedeK<SBY½§RwQHVdeFONGUmR#UGP`bgD γ » dγ EGF<i]}]½¾STLF>deK"
p (γ,N) ' 1
2
√
pi σ2γ
γ exp
(
− γ
2
2σ2γ
)
	÷zn
~
Ø

RwQDT
σ2γ =
1
α
√
3
N
nrHVhhfDBEGF<STSYGDLhhfDLUKaTDLK>K<DBYﬀdg]>K>F>de[GNGK>dgHVU%K<DLUYmwQDLF<]uNGUD"PR#N]<]>dgDLUGUD\Y½¾STR#F>K
K¼zED
σγ
bgHVF<]<j*ND
N
D]>KAP`F/R#UYnÕxR#U]xbgD@TRV]xHVÈªbgD\w*F/R#dYﬀdeEcÚVbgD@D]>KxHVF>dgDLUK<SbgD@bgHVUGPYGD\b½§RsGDYGD]
z
a
b½¾SjN)R#K>dgHVU%	÷zn
~
Ø
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D}EDLNGK7E)RV]7yLK>F<DuR#EGEGF<HszdehfSDuE)R#F7NGUDvPR#N]<]>dgDLUGUD`a`b½§R#UGP`bgD
γ
SLK/R#UKE)R#FYGSt­UGdeK>dgHVU
THVhEGF>dg]DLUK>F<D
0
DLK
pi
nVÕAR#U]4TDrTRV]aE)R#FTHVU*wQDLUK>dgHVUabqRwVR#bgDLNGF7YGDvbqRYﬀdg]>EcDLF<]>dgHVUNGK>debedg]<SDD]>K£K<HVNVI>HVNGF<]
σγ
n
CR@EGNGdg]<]ÎR#UTDxYGDxF<DTHVU]>K>F>NTLK>dgHVU%YGD-b½§R#UGP`bgD
γ
a
Ktot
aGD]>K}YGHVUT-YGHVUGUSD-E)R#FbqRF<DLbqR#K>dgHVU
(Ktot)E=1 =
1
σγ α
√
N
=
1√
3
≈ 0.58 rad−1. 	÷zn ~ ÷`
CRAEGNGdg]<]ÎR#UTD}YGDvF<DTHVU]>K>F>NTLK>dgHVUpYGDvbqRxYﬀdeF<DTLK>dgHVU'YﬀNkYﬀdeEcÚVbgD`aQYGSt­UGdgDE)R#F
θrec
a
ϕrec
taQ]½¾HV[GK>dgDLU*KoYGD
bqR\hfyLhfDRVWHVUDLU]<HVhhkR#U*Kub½¾Sj*N)R#K>dgHVU	÷zn
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v]>NGF
αrec
aGDLUSTLF>dewVR#U*K}b½¾SLbgSLhfDLUKYGDAwQHVbeNGhfD-THVhhfD
d3(αrec)Drec = α
2
rec dαrec sin θrec dθrec dϕrec
n
|7UXdeUK<SLP`F/R#U*KkbqR!EGF<HV[)R#[GdebedeK<S	÷zn
~

\]<NGF
αrec
DLK]>NGF
ϕrec
a7RwQDT¬b½¾DtsﬀEGF<D]<]>dgHVUÌ	÷zn§ÑJðQ\YGD
cos γ
a
EHVNGFObgD]}EcDLK>deK<]R#UGP`bgD]@
sin θrec ' θrec DLK cos(θrec − θd) ' 1 − (θrec − θd)2/2 taHVUmEcDLNGKuhfHVUK>F<DLF
jNDAbqRYﬀdg]<K>F>de[GNGK>dgHVU!YGDxb½§R#UGP`bgD
θrec
aGEcHVNGF}bgD]}P`F/R#UYGD]uwVR#bgDLNGF<]OYGD
N

N  3/α2 oK<DLUYmSLPR#bgDLhfDLU*K
wQDLF<]xNGUDPR#N]<]>dgDLUGUDkTDLUK>F<SDf]>NGF
θd
aY½¾STR#F>K-K¼zEcD
σθ = σγ
dgYGDLUK>dgj*NDk»¬TDLbeNGd4YGD@bqRYﬀdg]>K>F>de[GNGK>dgHVU
YGDAb½§R#UGP`bgD
γ
nGCRfYﬀdg]>K>F>de[GNGK>dgHVU%YGDAb½§R#UGP`bgD
θrec
EGF<S]<DLU*K<D-YGHVUTxbgDxhfyLhfD"THVhEHVF>K<DLhfDLU*KOj*ND-TDLbebgD-YGD
b½§R#UGP`bgDxK<HVK/R#b
γ
aRwQDT-bqR\hfyLhfDxEGNGdg]<]ÎR#UTD-YGDxF<DTHVU]>K>F>NTLK>dgHVUÆ
(Kθ = Kdec)E=1 = (Ktot)E=1 ≈ 0.58 rad−1.
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CRxYﬀdg]>K>F>de[GNGK>dgHVUŁYGDb½§RV]<TDLU]>dgHVUŁYﬀF<HVdeK<DF<DTHVU]>K>F>NGdeK<D`azYGSt­UGdgDE)R#F
ϕrec
]½¾HV[GK>dgDLU*KoDLUk]<HVhhkR#U*K4b½¾Sj*N)R
K>dgHVUÆ	÷zn
~

]<NGF
αrec
DLKO]>NGF
θrec
n|7U!THVU]>dgYGSLF/R#UKAbgD]uhfyLhfD]R#EGEGF<HszdehkR#K>dgHVU]xj*NDxEGF<STSYGDLhhfDLUKa
DLKrDLUŁEGF<DLU)R#UK
cos (ϕd − ϕrec) ≈ 1− (ϕd−ϕrec)2/2 azbqR"EGF<HV[)R#[GdebedeK<SAYGDOhfD]<NGF<DLF ϕrec » dϕrec EGF<i]
]½¾STLF>deK7K<DLUYSLPR#bgDLhfDLUKowQDLF<]£NGUDYﬀdg]>K>F>de[GNGK>dgHVUfPR#N]<]>dgDLUGUDuTDLUK>F<SDuR#NGK<HVNGF4YGD
ϕd
RwQDTNGUSTR#F>KKÞ¼*EcD
σϕ =
1
sin θd
σγ
n
Ägc
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CHVF<]<j*ND}bgDYﬀdeEcÚVbgDuD]>KvR#bedeP`USO]>NGFob½§RsﬀD
z
a
θd = 0
HVN
θd = pi
tabqR"Yﬀdg]>EcDLF<]>dgHVUŁYGD
ϕrec
D]<K4deUﬀ­UGdgD`a
THVF>F<D]>EcHVUYR#UK"R#N!R#deKxj*ND"b½§RV]/TDLU]>dgHVU2YﬀF<HVdeK<D\UD\]/HVdeKEGbeN]AYGSt­UGdgDYR#U]xTD@TRV]nCRŁEGNGdg]<]/R#UTD@YGD
F<DTHVU]>K>F>NTLK>dgHVUYGDrb½§RV]<TDLU]>dgHVU@YﬀF<HVdeK<DrYGSLEcDLUY@YGHVUTvYGD4bqROYﬀdeF<DTLK>dgHVUfYﬀN\YﬀdeEcÚVbgD`aV»}K>F/RwQDLF<]7bqR}F<DLbqR#K>dgHVU¬
(KRA)E=1 = (Ktot)E=1 × cos δd ≈ cos δd × 0.58 rad−1.
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]>K>F>N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THVhhfDxF<DLEGF<S]<DLU*K<S"]>NGF}TDLK>K<DA­P`NGF<D`n
CD]BF<S]>NGbeK/R#K<]\EGF<STSYGDLUK<]EcDLF>hfDLK>K<DLUKYGHVUTŁYGD'THVhEGF<DLU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TR#F/RVTLK<SLF>dg]>K>dgj*ND]rYGDubqRxF<DTHVU]>K>F>NTLK>dgHVU¬YﬀNŁYﬀdeEÚVbgD`a*Y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DTHVNGwQDLF>K>NGF<DuK<HVK/R#bgDDLK4NGUGdHVF>hfD
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]£RwQDT4bqRYGSTLbedeU)R#dg]<HVUn
C½§R#U)R#bgHVP`dgD!DLUK>F<DbgDEGF<HV[GbgiLhfD%YGDmbqR¤hkR#F<T<l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D
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]>K>F>NTLK>dgHVU
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Reconstruction of the dipole amplitude for quadrupolar anisotropy
N= 500
N= 1000
N= 2500
N= 5000
N= 10000
N= 25000
N= 50000
N= 100000
N= 250000
N= 500000
N= 1000000
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Reconstruction of the dipole amplitude for quadrupolar anisotropy
 = 5 (%)quadα
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ﬂ£.=D85A#J:#<>Lﬃ!(:02#4D858(:DA#]¥6@H(M§$7C%:g?©Fkﬂ¯(:%:7¤cﬃ!D8 $#
s  "B:*C7C58('J:#JM(mJM7CBa­!*9#

#4%
%
 xMG ±0.4 SG ±1.3 SG/Ý ±2.2
s  "B:*C7C58('J:#)87CgS%:7 t >1.=%'>L#["Ý
σ 
#4%y"

G
 
G
à
MG/x
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)

Ý ±15 Sx ±39 N	S½ ±61
s )>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L)
à
 ±22 S½ ±61  à ±96
ﬂ£.=D85A#J:#>Lﬃ!(:02#4D858(:DA#]¥6@6(M§$7C%:g?©Fkﬂ
s
 "B:*C7C58('J:#JM(mJM7CBa­!*9#

#4%
%
 MG/Ý ±0.4 MG/x ±1.0 SG/½ ±2.5
s
 "B:*C7C58('J:#)87CgS%:7
t
>1.=%'>L#["Ý
σ 
#4%y"

G
à

G MG/x
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)

 ±12 à Ý ±30 N¨Ý ±64
s
)>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L)
à
 ±17 àSà ±47  ±101
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q;L>4*C7C%.=79)Aﬃ!%m ].vfM7C ].=*9# S
◦
S½
◦
1x
◦
ﬂ£.=D85A#J:#<>Lﬃ!(:02#4D858(:DA#?'¿ s&À
s  "B:*C7C58('J:#JM(mT6(.!JMD87CBa­!*9#

#4%
%
 MG/½ ±0.3 ÝMG  ±0.4 MG/½ ±0.8
s  "B:*C7C58('J:#)87CgS%:7 t >1.=%'>L#["Ý
σ 
#4%y" xMG xMG E xMG E
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)O

à ±8  ½ ±12  E ±23
s )A>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L)O
S ±12 1S½ ±19 1 ±36
ﬂ£.=D85A#J:#<>Lﬃ!(:02#4D858(:DA#?¥6@H(M§$7C%:g©&kﬂ¯(:%:7¤cﬃ!D8 $#
s  "B:*C7C58('J:#JM(mT6(.!JMD87CBa­!*9#

#4%
%
 xMG
 ±0.3 ÝMG ±0.5 SG ±0.8
s  "B:*C7C58('J:#)87CgS%:7 t >1.=%'>L#["Ý
σ 
#4%y" xMG
à
xMG E xMG
à
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)O
S ±8   ±13   ±23
s )A>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L)O

½ ±12 1 ±20 1Ý  ±36
ﬂ£.=D85A#J:#>Lﬃ!(:02#4D858(:DA#?¥6@H(M§$7C%:g?©Fkﬂ
s
 "B:*C7C58('J:#JM(mT6(.!JMD87CBa­!*9#

#4%
%
 xMG
à ±0.3 ÝMG à ±0.4 MG/½ ±0.8
s
 "B:*C7C58('J:#)87CgS%:7
t
>1.=%'>L#["Ý
σ 
#4%y" xMG
à
xMG E xMG
à
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)O
S ±8   ±12   ±23
s
)A>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L)O Sﬂ ±12 1Ý=E ±19   Ý ±36
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◦
S½
◦
1x
◦
ﬂ£.=D85A#J:#<>Lﬃ!(:02#4D858(:DA#?'¿ s&À
s  "B:*C7C58('J:#JM(mT6(.!JMD87CB­!*9#

#4%
%
 E'G/½ ±0.4 MG/ ±0.7 ½MG ±1.8
s  "B:*C7C58('J:#)87CgS%:7 t >1.=%'>L#["Ý
σ 
#4%y" xMG
à
xMG
à
xMG
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)

 ±12 à Ý ±21 Ý ±52
s )>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L) xSx ±18 à Ý ±33 1½ ±80
ﬂ£.=D85A#J:#<>Lﬃ!(:02#4D858(:DA#]¥6@H(M§$7C%:g?©Fkﬂ¯(:%:7¤cﬃ!D8 $#
s  "B:*C7C58('J:#JM(mT6(.!JMD87CB­!*9#

#4%
%
 ÝMG
 ±0.4 SG ±0.8 SG/½ ±1.6
s  "B:*C7C58('J:#)87CgS%:7 t >1.=%'>L#["Ý
σ 
#4%y" xMG xMG
à
MG/½
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)

Ý ±13 à ½ ±23 Ý  ±46
s )>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L)

 ±19 Sx ±35 1½SÝ ±72
ﬂ£.=D85A#J:#>Lﬃ!(:02#4D858(:DA#]¥6@6(M§$7C%:g?©Fkﬂ
s
 "B:*C7C58('J:#JM(mT6(.!JMD87CB­!*9#

#4%
%
 E'G/ ±0.4 MG/ ±0.7 SG/ ±1.3
s
 "B:*C7C58('J:#)87CgS%:7
t
>1.=%'>L#["Ý
σ 
#4%y" xMG xMG
à
xMG
q;L>4*C7C%.=79)Aﬃ!%

#4%^J:#4gSDA;L)

x ±10 à x ±21 E à ±38
s
)>L#4%')879ﬃ!%mJMDAﬃ!7C5A#

#4%^J:#4gSDA;L) 
 ±15 S ±33 1½SÝ ±60
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Φ(u) =
Φ0
4pi
(1 + αD · u +
∑
i,j
Qijuiuj) =
Φ0
4pi
(1 + αD · u +
∑
i,j
λi(qi · u)2),
ﬃ!Ł
Φ0/4pi
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Qij
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qi
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λi
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Q
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D =

Dx
Dy
Dz
 et Q =

Qxx Qxy Qxz
Qxy Qyy Qyz
Qxz Qyz Qzz

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.=D
I0 =
∫
Φ(u)dΩ , I =
∫
uΦ(u)dΩ et Iij =
∫
Φ(u)(uiuj − 1
3
δij)dΩ,
#45)Aﬃ!%H5kDA#4*C79;L)&.=(MfB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I0 = Φ0 I =
1
3
Φ0 × αD , et Iij = 2
15
Φ0 ×Qij
T
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 $#4%H5A)&)1,V;L>4D87C02#4%H5i
S0 =
∑
k
1
E(uk) , S =
∑
k
uk
E(uk) et Sij =
∑
k
(ui)k(uj)k − 13δij
E(uk)
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αD = 3
S
S0
et Qij =
15
2
Sij
S0
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I0
G
I
#45
Iij
J:#?*I.^JM79)858D87CW:(:5879ﬃ!%.=%:gS(:*I.=7CDA#KJ:#L)iD.1R2ﬃ!%')
>LﬃS)8 "79TH('#L)k)Aﬃ!%H5kJ:; t %:79)kB.=D	*9#L)	DA#4*I.=5879ﬃ!%')i
[ I0 ; I ; Iij ] =
∫ θmax
θmin
dθ sin θ
∫ 2pi
0
dϕ [ Φ(u) ; uΦ(u) ; uiujΦ(u) ]
#45)Aﬃ!%H5DA#4*C79;L)F.=(MfXB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I0 =
Φ0
4pi
[∆31(Qxx +Qyy)− 2c3Qzz − 2c2Dz − 2c1 ]
Ix =
Φ0
4pi
[∆31Dx + 2∆42Qxz ]
Iy =
Φ0
4pi
[∆31Dy + 2∆42Qyz ]
Iz =
Φ0
4pi
[∆42(Qxx +Qyy)− 2c4Qzz − 2c3Dz − 2c2 ]
Ixx =
Φ0
4pi
[∆53Qzz +
1
4
(3Qxx +Qyy) + ∆42Dz + ∆31 ]
Iyy =
Φ0
4pi
[∆53Qzz +
1
4
(3Qyy +Qxx) + ∆42Dz + ∆31 ]
Izz =
Φ0
4pi
[ ∆53(Qxx +Qyy)− 2c5Qzz − 2c4Dz − 2c3 ]
Ixy =
Φ0
4pi
[ (∆31 −∆53)Qxy ]
Ixz =
Φ0
4pi
[ 2∆53Qxz + ∆42Dx ]
Iyz =
Φ0
4pi
[ 2∆53Qyz + ∆42Dy ]
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cn =
1
n
[cos(θmax)
n − cos(θmin)n] et ∆ij = ci − cj
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S˜0 =
∑
k
1
Ek (c2uz − c3)
S˜x =
∑
k
ux
Ek
S˜y =
∑
k
uy
Ek
S˜z =
∑
k
1
Ek
(c2 − c1uz)
S˜xx =
∑
k
1
Ek (u
2
x − u2y)
S˜xy =
∑
k
uxuy
Ek
S˜zz =
∑
k
1
Ek [c1(γ3u
2
z − γ4uz) + c2γ4 − c3γ3]
S˜xz =
∑
k
1
Ek
(∆42ux −∆31uxuz)
S˜yz =
∑
k
1
Ek (∆42uy −∆31uyuz)
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Φ0 = Φ
dip
0 (1 + 
S˜zz
S˜0
)
ﬃ!Ł
 =
γ3
6(γ1 − γ2) [c3(c1 − 3c3)− c2(c2 − 3c4)]
#45
Φdip0 =
4S˜0
γ3
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#4%e*-,/.=W')>L#4%'>L#"J:#"TH(.!JMD87CBa­!*9#
J'.=%')	*9#qç'(Mf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γ1 = (c4c1 − c3c2)2
γ2 = (c3c1 − c22)(c5c1 − c23)
γ3 = 2(c3c1 − c22)
γ4 = 2(c4c1 − c3c2)
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Di =
1
1 +  S˜zz
S˜0
(Ddipi + ξi S˜iz) (i = x, y, z)
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Ddipx =
4S˜x
Φdip0 ∆31
, Ddipy =
4S˜y
Φdip0 ∆31
, Ddipz =
4S˜z
Φdip0 γ3
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ξx = ξy =
4
Φdip0
∆42
∆242 −∆53∆31
et ξz =
4
Φdip0
γ1
γ3γ4(γ2 − γ1)
è!è") ëÐì]íºîìxïíºî*ìÕðfñÓòió^ô7õöi÷ïgö!øIô7ì]õnò]ùeì]íûú7ì]õÈð^öeó^óüxì]õnðfñÔý%þ*ß!ìxï
`b.h ].=58D879>L#JM(^TH(.!JMD87CBa­!*9##L)85J:;45A#4D8 "7C%';L#B.=D	*9#L)DA#4*I.=5879ﬃ!%')
Qxx =
4
Φ0
[
S˜xx
∆31 −∆53 +
S˜zz
12(γ2 − γ1) ]
Qzz =
2
3Φ0
S˜zz
(γ1 − γ2) , Qyy = −Qxx −Qzz
Qxy =
8
Φ0
S˜xy
∆31 −∆53
Qxz =
2
Φ0
S˜x
(∆242 −∆31∆53)
Qyz =
2
Φ0
S˜y
(∆242 −∆31∆53)
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θmax
5A#4%'Jh02#4DA)
pi
_!`U#L)ﬀ0!.=*9#4(:DA)ﬀ*C7C "7C5A#L)+>Lﬃ!D8DA#L)8Bﬃ!%'J'.=%653[&(:%'#£>Lﬃ!(:02#4D858(:DA#
5Aﬃ!5.=*9#J:#L)>Lﬃ!%')85.=%65A#L)kT6('#<%'ﬃ!(')k.102ﬃ!%')7C%H58DAﬃnJM(:7C5A#L)F)Aﬃ!%H5kJ:ﬃ!%:%';L#L)kB.=D
c1 → −2 c2 → 0
c3 → −2/3 c4 → 0
c5 → −2/5
∆31 → 4/3 ∆53 → 4/15
γ1 → 0 γ2 → 64/135
γ3 → 8/3 γ4 → 0
 → 0
ξx → ξy → ξz → 0
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S˜0 → 2
3
S0
S˜x → Sx
S˜y → Sy
S˜z → 2Sz
S˜xx → Sxx − Syy
S˜xy → Sxy
S˜zz → −16
3
Szz
S˜xz → −4
3
Sxz
S˜yz → −4
3
Syz
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αD = 3
S
S0
et Qij =
15
2
Sij
S0
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r1h =
√
a2 + b2 et ψ1h = arctan
b
a
,
.L02#L>
a =
2
N
N∑
i=1
cosϕi et b =
2
N
N∑
i=1
sinϕi,
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N
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r ⇔ r1h
λ ⇔ 2
N
Ddiffusion ⇔ 1
4
λ c
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p (r1h, N) =
1
2pi σ2r
exp
(
− r
2
1h
2σ2r
)
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p (r1h, N) d
2 r1h
#L)85*I.^B:DAﬃ!W.=W:7C*C7C5A;XJ:#]DA#L>Lﬃ!%')858D8(:7CDA#?*9#$02#L>45A#4(:D
r1h
[
d2 r1h
B:DArL)1_
`Q,V;L>1.=D855{RnB#FJ:#k*I.gH.=(')A)879#4%:%'#q#L)853DA#4*C79;F.=(X%'ﬃ! W:DA#qJP,V;402;4%'#4 $#4%H5A)£B.=Dq
σr =
√
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p (r1h, N) =
r1h
σ2r
exp
(
− r
2
1h
2σ2r
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P (rrec1h ≥ r1h) =
∫ ∞
r1h
p (r1h, N)dr1h
= exp
(
−(r
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1h )
2
2σ2r
)
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(rrec1h )3σ =
√
4 ln(1/0.0027)
N
≈ 4.9√
N
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4pi
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Φ(u2D) =
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u2D = (cosϕ , sinϕ) et D2D = (Dx , Dy)
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< u2D >=
∫ 2pi
0
u2D p (u2D) dϕ =
pi α
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< cos2 ϕ >=
∫ 2pi
0
cos2 ϕ p (u2D) dϕ =
1
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s = N × 2
N
× piα
8
D2D =
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σr =
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×
√
N
2
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√
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N
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2pi σ2r
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